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1 Introduction 

In this paper we study orbifold vertex operator algebras M(l) + and for a positive 
definite even lattice L. The vertex operator algebra (see |FLMj ) is the fixed point 
subalgebra of the lattice vertex operator algebra V L under the automorphism lifted from 
the —1 isometry of the lattice and the vertex operator algebra M(l) + can be regarded as 
a subalgebra of V L . The vertex operator algebra in the case that L is the Leech lattice 
was first studied in jFLMj to construct the moonshine module vertex operator algebra 
which is a direct sum of and an irreducible V^-module in |FLMj . This construction 
was extended to some other lattices in [DGMJ. 

Previously, the vertex operator algebras M(l) + and V£ have been studied extensively 
in the literature. The irreducible modules for both M(l) + and have been classified 
in |DNlj |DN3| and |AD| . If L is of rank 1, the fusion rules for these vertex operator 
algebras have been also determined in |Alj and |A2j . In this paper we determine the 
fusion rules for general M(l) + and V£ ■ It turns out that all of the fusion rules are either 
or 1. 

The fusion rules for M(l) + are obtained in the following way. First we construct 
certain untwisted and twisted intertwining operators which are similar to the untwisted 
and twisted vertex operators constructed in Chapters 8 and 9 of |FLMj . The main problem 
is to find the upper bound for each fusion rule. In order to achieve this we use a general 
result about the fusion rules for a tensor product vertex operator algebra to reduce the 
problem to the case when the rank is 1. Applying the fusion rules obtained in |Alj we 
get the required upper bound. In particular, the constructed intertwining operators are 
the only nonzero intertwining operators up to scalar multiples. 

The determination of fusion rules for is much more complicated. The main strategy 
is to employ the results (on fusion rules) for M(l) + . (Notice that M(l) + is a vertex 
operator subalgebra of V£ and each irreducible V^-module is a completely reducible 
M(l) + -module.) First, we show that the fusion rules of certain types are nonzero by 
exhbiting nonzero intertwining operators. Then we prove that the fusion rules for are 
either or 1. Observe that the intertwining operators constructed in |DLlj for Vl restrict 
to nonzero (untwisted) intertwining operators for V£ ■ We then construct certain (nonzero) 
intertwining operators among untwisted and twisted V^-modules and again restrict to 
nonzero (twisted) intertwining operators for V£ • The main difficulty is in proving that 
the constructed intertwining operators are the all nonzero intertwining operators. This 
is achieved by a lengthy calculation involving commutativity and associativity of vertex 
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operators. 

As an application of our main result we show that if L is self dual and if V£ extends 
to a vertex operator algebra by an irreducible module from the (unique) twisted Vj,- 
module, then the resulted vertex operator algebra is always holomorphic in the sense that 
it is rational and the vertex operator algebra itself is the only irreducible module. The 
moonshine module vertex operator algebra is such an extension for the Leech lattice and 
thus it is holomorphic (this result has been obtained previously in |D3j ). It is expected 
that the main result will be useful in the future study of orbifold conformal field theory 
for L not self dual. 

The organization of the paper is as follows. Section 2 is preliminary; In Section 2.1 
we recall definitions of modules for vertex operator algebras, and in Section 2.2 we review 
the notion of intertwining operators and fusion rules and we also prove that fusion rules 
for a tensor product of two vertex operator algebras are equal to the product of fusion 
rules for each vertex operator algebra. In Section 3.1, we present the construction of 
vertex operator algebras M(l) + and and their irreducible modules following FLM . 
The classifications of irreducible M(l) + -modules and irreducible V^-modules given in 
|DNlj |DN3j and |AD| are also stated here. In Section 3.2 we identify the contragredient 
modules of irreducible M(l) + -modules and V^-modules. This result is useful to reduce the 
arguments to calculate fusion rules. In Section 4 we determine the fusion rules for M(l) + 
completely. The nontrivial intertwining operators among irreducible M(l) + -modules are 
constructed in Section 4.1, and it is proved that all of the fusion rules are either or 1. 

Throughout the paper, Z> is the set of nonnegative integers. 

2 Preliminaries 

2.1 Vertex operator algebras and modules 

In this section we recall certain basic notions such as the notions of (weak) twisted module 
and contragredient module (see [FLM], |FHLj . [DLM3J). 

For any vector space W (over C) we set 

W^z- 1 ]] 
W((z)) 
W{z} 

We first briefly recall the definition of vertex operator algebra (see jBj, |FLMj ). A 
vertex operator algebra is a Z-graded vector space V = © ngZ V( n ) such that dim V( n ) < oo 
for all n e Z and such that V( n ) = for n sufficiently small, equipped with a linear map, 
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v n G W, v n = for sufficient small n )■ , 
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called the vertex operator map, 



Y(-,z):V^ (End V)[[z, z'% a h- Y(a, z) = ]T a n 



n-l 



The vertex operators Y(a,z) satisfy the Jacobi identity. There are two distinguished 
vectors; the vacuum vector 1 G V(o) and the Virasoro element u> G V(2). It is assumed that 
Y(l, z) = idy and that the following Virasoro algebra relations hold for m, n G Z: 

[L(m), L(n)] = (ra - n)L(m + n) + ^(m 3 - m)5 m+ „ i0 c y , (2.1) 

where Y(uj,z) = ^2 ne zL(n)z~ n ~ 2 (= Xlngz {jJ nZ~ n _1 ) and cy is a complex scalar, called 
the central charge of V. It is also assumed that for n G Z, the homogeneous subspace 
V( n ) is the eigenspace for L(0) of eigenvalue n. We say that a nonzero vector t> of V( n ) is 
a homogeneous vector of weight n and write wt(v) = n. 

Let V be a vertex operator algebra, fixed throughout this section. An automorphism 
of vertex operator algebra V is a linear isomorphism g of V such that g(ou) = u and 
gY(a, z)g~ l = Y(g(a),z) for any a e V. A simple consequence of this definition is 
that g(l) = 1 and that g(V( n )) = V( n ) f° r n G Z. Denote by Aut (V) the group of 
all automorphisms of V. For a subgroup G < Aut (V) the fixed point set V G = {a G 
V" | g(a) = a for g G G} is a vertex operator subalgebra. 

Let g be an automorphism of vertex operator algebra V of (finite) order T. Then V 
is decomposed into the eigenspaces for g: 

T-l 

V = V r , V r = { a G V | 0(a) = e'^a }. 

r=0 

Definition 2.1. A weak g-twisted V -module is a vector space M equipped with a linear 
map 

Ym: V ^ (End M){z}, 

a i— > y M (o, z) = ^ a„2 _n_1 (where a n G End M) , 

called the vertex operator map, such that the following conditions hold for < r < 
T - 1, a G V r , b G V and u G M: 

(1) Y M (a,^G^M((z)), 

(2) F M (M) = id M , 

(3) (the twisted Jacobi identity) 

z 1 S ( ^— z Z2 ^j Y M (a,z l )Y M (b,z 2 ) - z^S ( ^—^ J Y M (b, z 2 )Y M (a, z t ) 
= {^f) "* * (^f) Yu{Y{a, z )b, z 2 ). 
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A weak g-twisted V^-module is denoted by (M,Ym), or simply by M. When g = 1, a 
weak g-twisted V^-module is called a weak V -module. A g-twisted weak V -submodule of a 
g-twisted weak module M is a subspace N of M such that a n N C A" hold for all a G V 
and ii 6 Q. If M has no g-twisted weak ^/-submodule except and M, M is said to be 
irreducible. 

It is known (see [DLM2J) that the operators L(n) for n G Z on M with F^(u;,£) = 
Snez L{n)z~ n ~ 2 also satisfy the Virasoro algebra relations (j2.1j) . Moreover, we have the 
L(— l)-derivative property 

K M (L(-l)a, z) = —Y(a, z) for all a G V. (2.2) 

Definition 2.2. An admissible g-twisted V -module is a weak g-twisted ^-module M 
equipped with a ^N-grading M = @ ne j_ N M(n) such that 

a m M(n) C M (wt(a) - m - 1 + n) (2.3) 
for any homogeneous a E V and for n G ^N, m G Q. 

In the case g = 1, an admissible g-twisted ^-module is called an admissible V -module. 
A g-twisted weak ^/-submodule AT of a g-twisted admissible ^-module is called a g-twisted 
admissible V -submodule ii N = @ ne j_ N A" fl M(n). 

A g-twisted admissible ^/-module M is said to be irreducible if M has no nontrivial 
admissible submodule. A g-twisted admissible ^-module M is said to be completely 
reducible if M is a direct sum of irreducible admissible submodules. 

Definition 2.3. The vertex operator algebra V is said to be g-rational if any g-twisted 
admissible V^-module is completely reducible. If V is idy-rational, then V is said to be 
rational. 

Definition 2.4. A g-twisted V -module is a weak g-twisted V^-module M which is de- 
graded by L(0)-eigenspace M = (B^ec^O) (where M(\) — {u G M \ L(0)u = Aw}) such 
that dimM( A ) < oo for all A G C and such that for any fixed A G C, M^ +n / T ) = for 
n G Z sufficiently small. 

In the case g — 1, a g-twisted ^-module is called a V -module. A ^-module M is said 
to be irreducible if M is irreducible as a weak V-module. The vertex operator algebra V 
is said to be simple if V as a V-module is irreducible. 

Let M = AeC M (A) be a K-module. Set M' = AeC M ( * A) , the restricted dual of M. 
It was proved in |FHLj that M' is naturally a ^-module where the vertex operator map, 
denoted by Y', is defined by the property 

(Y'(a, z)u', v) = («', Y (e zL(1) (-^~ 2 ) L(0) a, z~» (2.4) 

for a G V, w' G M' and v G M. The V'-module M' is called the contragredient module of 
M. It was proved therein that if M is irreducible, then so is M'. A ^-module M is said 
to be self-dual if M and M' are isomorphic ^-modules. Then a ^-module M is self-dual 
if and only if there exists a nondegenerate invariant bilinear form on M in the sense that 
(J2.4|) with the obvious modification holds. The following result was proved in jEj: 



5 



Lemma 2.5. Let V be a simple vertex operator algebra such that L(l)V(i) 7^ V(o). Then 
V is self-dual. 

2.2 Intertwining operators and fusion rules 

We recall the definitions of the notions of intertwining operator and fusion rule from [FHLJ 
and we prove a theorem about fusion rules for a tensor product vertex operator algebra. 

Definition 2.6. Let M 1 , M 2 and M 3 be weak ^-modules. An intertwining operator 
y(- ,z) of type ( M f f M2 ) is a linear map 

y( ■ , z) : M 1 -> Horn (M 2 , M 3 ){^} 

v 1 ^ y{v\z) = ^vlz-' 1 - 1 (where v\ G Horn (M 2 ,M 3 )) 

neC 

satisfying the following conditions: 

(1) For any v 1 G M 1 , t> 2 G M 2 and A G C, ^ +A w 2 = for nfZ sufficiently large. 

(2) For any a <E V, v 1 G M 1 , 

\ 1 '^2 " ~ ^~\_ 1 

— -J ^(a,^)^?; 1 , z 2 ) -^tf ( J ^(f 1 , 2:2)^2(0,24) 

(3) For t; 1 G M 1 , f ^(t» 2) = y(L(-l)v\ z). 

All of the intertwining operators of type {jji^) form a vector space, denoted by 

^(m^m 2 )- Tne dimension of Jy ( M ^ 2 ) isralled the /usion rule 0/ type ( M fl l2 ) for V. 
The following result, which is given |FHL| and |HLj . gives the following symmetry: 

Proposition 2.7. Let M, N and L be V -modules. Then there exist canonical vector space 
isomorphisms such that 

Iv {mn) ~ Iv [nm) - Iv \m. u) ■ 

The following proposition can be found in [DLl, Proposition 11.9]: 

Proposition 2.8. Let M l (i = 1, 2, 3) be V -modules. Suppose that M 1 and M 2 are 
irreducible and that Iv( M i M 2) 7^ 0. Let y(-,z) be any nonzero intertwining operator of 
tyP e (a/i^m 2 ) ■ Then for any nonzero vectors u G M 1 and v G M 2 , y(u, z)v 7^ 0. 

Assume that U is a vertex operator subalgebra of V (with the same Virasoro element). 
Then every V^-module is naturally a ^/-module. Let M 1 , M 2 , M 3 be ^-modules and let 
A^ 1 and A^ 2 be any [7-submodules of M 1 and M 2 , respectively. Clearly, any intertwining 
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operator y( ■ , z) of type [jJf M *) in the category of V^-modules is an intertwining operator 

of type (jJf M a) in the category of [/-modules. Furthermore, the restriction of y(-,z) 

onto iV 1 (g) N 2 is an intertwining operator of type (Ji N a) in the category of [/-modules. 
Then we have a restriction map 

/ M 3 \ / M 3 

y Vm 1 m 2 ; u \W N 2 y 
y(-,z)^y(-,z)\N 1 ®N 2 . 

Now, assume that M 1 , M 2 are irreducible V- modules and M 3 is any ^/-module (not 
necessarily irreducible) and assume that iV 1 and N 2 are nonzero [/-modules, e.g., irre- 
ducible [/-modules. It follows immediately from Proposition 12.81 that the restriction map 
is injective. Therefore we have proved: 

Proposition 2.9. Let V be a vertex operator algebra and let M 1 , M 2 , M 3 be V -modules 
among which M l and M 2 are irreducible. Suppose that U is a vertex operator subalgebra 
ofV (with the same Virasoro element) and that N 1 and N 2 are irreducible U-submodules 

of M 1 and M 2 , respectively. Then the restriction map from Iv{jJ\m*) ^° ^ u imN 2 ) ^ s 
injective. In particular, 

( M 3 \ / M 3 \ 

^UmO-^Uw- (2 - 5) 

Let V 1 and V 2 be vertex operator algebras, let M % (i = 1, 2, 3) be l /1 -modules and let 
N l (i = 1,2,3) be ^-modules. For any intertwining operator yi{- ,z) of type (jJf M i) 
and for any intertwining operator 3^ 2 ( " ? ^) of type (iv^jU)' by using commutativity and 
rationality one can prove that 3M • , z) <8> 3^2 ( • , z ) is an intertwining operator of type 

(mw®mw)> where (^i ® ^ 2 )( ' ' z ) is defined by 

(;yi ® y2){u 1 ® v\ z) u 2 ® v 2 = yi(u\ z) u 2 ® y 2 (v\ z )v 2 

for u l G M % and v l £ N l (i = 1, 2). Then we have a canonical linear map 

/ M 3 \ / N 3 \ ( M 3 ®M 3 

" : ly : U 1 J ® V U 1 ^ 2 J ~* y1 ^ 2 U 1 ® ^ M 2 ® iV 2 
^i( • ® y 2 ( (3^1 ®y 2 )(-^). 

The following is our main theorem of this section: 

Theorem 2.10. With the above setting, the linear map a is one-to-one. Furthermore, if 
either 

dim Jyl ( M^M 2 ) <0 ° or dim l ^ ( N y N 2 I < 00 



then a is a linear isomorphism. 
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To prove this theorem we shall need some preparation. Denote by uo l the Virasoro 
element of V 1 for % = 1,2, and write 

Y{u\x) = ^U{n)x~ n - 2 . 

The following proposition is a modification and a generalization of Proposition 13.18 
|DLlj . It can be also proved in the same way. 

Proposition 2.11. Let V 1 and V 2 be vertex operator algebras and let W % (i = 1,2,3) 
be V 1 ® V 2 -modules on which both L 1 (0) and L 2 (0) act semisimply. Let y(- ,x) be an 
intertwining operator of type (^f^j) for V 1 <E> V 2 . Then for any h G C, 

x- Ll ®p h y{x Ll M-,x)x Ll W- 

is an intertwining operator of type l!'/') for V\-raodules, where W 3 (L 2 (0), h) is the 

L 2 (0)-eigenspace ofW 3 with eigenvalue h, which is naturally a (weak) V\-module, and Ph 
is the projection ofW 3 onto W 3 (L 2 (0),h). 

For a vector space U, we say that a formal series a(x) = J2nec a ( n ) zTl G U{z} is lower 
truncated if a(n) = for n whose real part is sufficiently small. Furthermore, for vector 
spaces A and B, a linear map g(z) from A to B{z} is said to be lower truncated if g(z) 
sends every vector in A to a lower truncated series in B{z}. 

With these notions we formulate the following result, which will be very useful in our 
proof of Theorem 12.101 

Lemma 2.12. Let W = ® he€ W(h) be a C-graded vector space satisfying the condition 
that dim W{h) < 00 f or an V h G C and that W^h) = for h whose real part is sufficiently 
small. Let A and B be any vector spaces, let Qi(x) (i — 1, . . . , r) be linearly independent 
lower truncated linear maps from A to B{x}. Suppose that fi(x) G P^ja;} (i = 1, . . . ,r) 
are lower truncated formal series such that for any h e C, there exists s G C such that 
Phfi{ x ) G x s W(h) for all i, where Ph is the projection map ofW onto W(h), and such that 

fi(x) <S> Qi(x) H h f r (x) <g> g r (x) = 

as an element of Horn (A, (W <S> B){x}). Then fi(x) = for all i. 

Proof. For any rj G W*, we extend rj to a linear map from W<S>B to B by r](w®u) = rj(w)u 
for w G W and u G B, and then canonically extend it to a linear map from W ® (B{x}) 
to For any h G C, 77 G and u G A, we see that 

v(Ph(fi(x) ® fll (a:) (u) H h / P (z) ® ^ r (ar)(u))) 

= x s (^(wl)5fi(x)(M) H h r)(w r )g r (x)(u)) = 0, 

where we set Phfi(x) = x s Wi with u>j G W^. Since gi(x) (i = l,...,r) are linearly 
independent linear maps from A to B{x}, f](wi) = for all i. Thus Wi = for any ft 6 C 
and z, that is, Phfi(x) = 0. This implies = for all z. □ 
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Now we prove Theorem 12.101 

Proof. For h G C, let P h be the projection map of M 3 ® iV 3 onto (M 3 )( ft ) <8> A^ 3 . 

Suppose that y\{ - , x) for i — 1, . . . , r are intertwining operators of type ( M t^2) an d 
suppose that 3^2 ( ' > x ) f° r « = 1, . . • , J" are linearly independent intertwining operators of 
type ( Nl N2 ) . Assume that 

r 

S(3^®3^)(-,x) = 0. 

i=l 

That is, 

r 

Y,yi(w\x)w 2 ®y l 2 {v\x)v 2 = (2.6) 

i=l 

for U7 J ' G M\ v j G N j with j = 1,2. Write 

Dftti^aV = ^^(^^^x— \ (2.7) 

neC 

From FHL , for homogeneous vectors w 1 , w 2 , we have 

tfWftwW) = (wt(^) + wt(w 2 ) -n- l)fi{w\w 2 ). 
Then for any h G C, 

P,X( W \*V 2 = /; t( . 1)+wt{ . 2) _,_ 1 (^ 1 ^ 2 )x^ wt ^ 1 )- wt ^ 2 ) G ^^-^(M 8 )^. 

Now it follows immediately from (|2.fi|) and Lemma [2.121 that 

3^ (w 1 , x)f 1 = for % = 1, . . . , r. 

Thus [VK • , x) = for all z. This proves that a is injective. 

Assume dim I V 2 N2 \ < oo. We are going to show that a is also surjective. Let 

y{ ■ , x) be any intertwining operator of type ( M i^f-^M 2 <S)N 2 ) ^ or ^ l ® V 2 - We must prove 
that y( • , x) G Imcr. 

Let y^( ■ , x) (i = 1, . . . , r) be a basis of I V 2 ( N T N2 ) ■ We fix vectors w 1 G M 1 , w 2 G M 2 
arbitrarily. By Proposition 12. ll( for h G C, 

aT^P^a^V ® ■ , xXar^V ® ■ ) 

is an intertwining operator of type {^ M 2i h j^ N ) for ^-modules. (Notice that (M 3 )^ <g> A^ 3 
is the L 1 (O)-eigenspace of eigenvalue h.) Since dim(M 3 )(/ l ) < oo, we have 

Iv \ mm ) = ( M ^® Iv \ww)- 
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Thus for any v 1 G iV 1 and v 2 G iV 2 , we can write 

r 

x- L ^P h y((x Lm w l ) <g> v\ x)(x Ll(0 V ®v 2 ) = J2 fi(w\ w 2 , h) ® y 2 (v\ x)v 2 

1=1 

for some fi(w l ,w 2 ,h) G (M 3 )^). That is, 

r 

Pnyiw 1 <g> u 1 , x)(u> 2 <g> t; 2 ) = ^ xV^"' 1 ' ^ 1 , x- Ll(0) w 2 , h) <g> (u\ x)u 2 . 

i=l 

Then 

r 

^w 1 ® u 1 , x)(w 2 ®v 2 ) = J2J2 x h fi{x~ Ll{G) ™\ x~ Ll{0) w 2 , h) ® yi(v\ x)v 2 

hec i=i 

for any v 1 G N 1 and v 2 G iV 2 . Now we set 

^(w 1 ,^)^ 2 = ^2f i (x- Ll( ^w 1 ,x- Ll ^w 2 ,h)x h . 

hec 

Since M 3 is an ordinary ^-module, for each i, y{(w 1 ,x)w 2 is a lower truncated element 
of M 3 {x}. For example, when w 1 G M 1 , w 2 G M 2 are homogeneous, we have 

Then 

P^w 1 ,^ 2 G x /l - wt ( wl )- wt ( tu2 ) (M 3 ) ( h ) . 
Furthermore, for homogeneous vector a G Vi and for n G Z, we have 

We are going to prove that y\{ ■ , x) are intertwining operators, so that we will have that 
y( - ,x) G Imcr. 

Noticing that L(-l) = L l (-l) <g> 1 + 1 <g> L 2 (-l), using the L(-l) (resp. L 2 (-l))- 
derivative property for y( • , x) (resp. y\{ • , x)), we get 

r 

y{{L\-l)w\ x)w 2 ® y l 2 (v\ x)v 2 

1=1 

r 

= ^(^(-i)^ 1 ® v 1 ), x){ w 2 ®v 2 )-j2 yi( w \ x W ® ^(L 2 (-iy , x)u 2 

i=i 

= — ^(V <8> v\x)(w 2 ®v 2 ) - ^2y[(w 1 ,x)w 2 ® — ^(u 1 ,^)?; 2 

i=i 
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Since 34( ' > x )> = 1; • • • > r ) are linearly independent, by Lemma f2. 121 we get 

XO^-IM,^ = ^(iui,a> 2 (2.8) 

for any i = 1, . . . , r and io,- G AP (j = 1, 2). 

Finally, we show that each y{(- ,x) satisfies the Jacobi identity Let a G V 1 , w 1 G 
M 1 , w 2 G M 2 . By linearity we may assume that a, w 1 and f 1 are homogeneous. From 
the Jacobi identity 

Xq 1 5 I — — — ] Y(a ® 1, x 1 )y(w 1 ® v 1 , x 2 )(w 2 ® v 2 ) 

- xn J 5 ( — — — ] yiw 1 ® v 1 , x 2 )F(a ® 1, xi)(w 2 ® w 2 ) 
V -«o / 

= X2 M ^ X ~ X ° j y(r(a <8) 1, xq)^ 1 (8) t; 1 ), x 2 )(«; 2 <g> w 2 ), 



we get 



V x H Y (a, x 1 )y[{w\ x 2 )w 2 ® y 2 (v\ x 2 )v 2 

lr ^ - X 1 \ y^ w ^ X2)Y ^ Xi)w 2 g ^(^^ 



^ x^ (^^) K(K(a, x X, x 2 )w 2 <g> y l 2 {v\ x 2 y 

i=l V / 



for any u J ' G iV-? (j = 1,2). For n G Z, h G C, we have 

Res X1 x?(zi - x 2 ) m P ft F (a, xi)X(w\ x 2 )w 2 
= E( ■ ) (-^y^an+m-^tVjXa)?; 1 



3=0 

oo 



(2.9) 



= E( ■ ) ( _x 2) J a„+ m _ i P/ l _ wt ( a ) +n+m _ : ,- + i3 ; Uw 1 ,x 2 )t; 1 

G a; 5- wt ( a )- wt (- 1 )- wt («' 2 )+«+ m + 1 ( M 3) w _ (2.10) 

Similarly, we have 

Res^x^i -x 2 rP h yl(w\x 2 )Y(a,x 1 )w 2 G a :^W^ ( ^ ) ^^ )+ ^ 1 (M 3 ) (fc)j (2.11) 
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and 



R£s X0 R£s Xl x™x r {x 2 1 6 ( Xl ^ X ° ^j P h yi(Y(a,x )w 1 ,x 2 )w 2 



Res I0 x™(x 2 + x ) n P h yi(Y(a,x )w 1 ,x 2 ] 
\J l .)x2~ J P h y{(a m+j w 1 ,x 2 )v 1 



w 2 



3=0 

G t (- 1 )- wt (- 2 )+™+ m + 1 ( M 3) w . (2.12) 



With ()2.9j) - (j2.12j) . it follows from Lemma 12.121 that each y{(',x) satisfies the Jacobi 
identity. Then y[(- ,x) are intertwining operators. This shows that a is onto, completing 
the proof. □ 



3 Vertex operator algebras M(l) + and 

3.1 Vertex operator algebras M(l) + and V£ and their modules 

In this section we review the construction of the vertex operator algebras M(l) + and V£ 
associated with a positive definite even lattice L, following FLM . 

Let f) be a <i-dimensional vector space equipped with a nondegenerate symmetric 
bilinear form (•,•). Consider the Lie algebra F) = f) ® C[t,t _1 ] © CC defined by the 
commutation relations 

\J3i ® t m , ft ® t n ] = m(0 1 ,(3 2 )S m ,-nC and [C, ft = 
for any /3i,/? 2 G f), m, n G Z. Set 

6+ = c[t] ® fj e cc, 

which is clearly an abelian subalgebra. For any A G f), let Ce A denote the 1-dimensional 
f) + -module on which f) ® £<C[t] acts as zero, f) (= f) <8> Ct°) acts according to the character 
A, i.e., he x = (A, h)e x for h G f) and and C acts as the scalar 1. Set 

M(l, A) = 17(f)) ®u(h+) CeX ~ Sit^Cir 1 } <g> f)), 

the induced Pj-module. 

For h G 1), n G Z, we denote by /i(n) the corresponding operator oih®t n on M(l, A), 
and write 

h(z) = ^h{n)z- n -\ 

n&L 

Define a linear map 

Y(-,z): M(1,0) - (EndM(l,A))[[z,^ 1 ]] (3.1) 
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by 



Y z) = (sr^iji (s) ft w " ' (I) *w : • 

for the vector t> = /3i(— ni) • • • /3 r (— n r )e° with $ 6 f), > 1, where the normal ordering 
° ■ ° is an operation which reorders the operators so that /3(n) {(3 G f), n < 0) to be placed 
to the left of ff(n) Q9 G fj, n > 0). 

Following [FLTvT] . we denote M(l) = M(1,0) and set 

l = e°GM(l), o; = -^/ i4 (-l) 2 e GM(l), 

i=l 

where {/ii, . . . , h^} is an orthonormal basis of f). (Note that u does not depend on the 
choice of the orthonormal basis.) Then (M(l), Y( ■ , z), 1, u;) is a simple vertex operator 
algebra, and (M(l, A), F( ■ , z)) is an irreducible M(l)-module for any A G f) (see |FLMj ). 

We next recall a construction of the vertex operator algebra V L associated to an even 
lattice and its irreducible modules, following |DLlj (see also |FLM| and |Dlj ). First we 
start with a rank d rational lattice P with a positive definite symmetric Z-bilinear form 
(•,•). We suppose that L is a rank d even sublattice of P such that (L, P) C Z. 

Let q be a positive even integer such that (A, ji) G ^Z for all A, // G P and let P be a 
central extension of P by the cyclic group (n q ) of order g : 

1 -> (sK 9 = 1)^P^>P^0 

with commutator map c(- , •) such that c(a,f3) = for a, /3 G L, where k = K q 9//2 . It 

is known that such a central extension exists if q is sufficiently large (see Remark 12.18 
in |DLlj ). Let e : P — > P, A i— > eA be a section such that eo = 1 and e : P x P — > 
be the corresponding 2-cocycle, i.e., eAe M = e(A, n)e\ + ^ for any A, \i G P. We can assume 
that e is bimultiplicative. Then e(cn, 0)e(j3, a) = KS a ^\ e(a + 7) = e(a, j)e((3, 7). We 
may further assume that 



for any a G P 

Denote by C[P] = © AgP Ce A the group algebra. For any subset M of P, we write 
C[M] = © AeM Ce A . Then C[P] becomes a P-module by the action 

e x e^ = e(\,fi)e x+f * and re g e M = u q e" (3.2) 

for A, /i G P, where a> g G C x is a g-th root of unity. It is clear that for any A G P, C[A + L] 
is an L- module on which k(= K g q ^ 2 ) acts by the scalar —1. 

Set f) = C ®i L and extend the Z-bilinear form (• , •) to a C-bilinear form of f). Then 

V P := M(l) ® C[P] 
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is endowed with an (^-module structure such that 

h(n) (u <g> e A ) = (h(n)u) ® e A and h(0) (u ® e A ) = (/i, A) (w ® e A ) 
for AgP and that C acts as the identity. We have 

VpS0M(l,A), 

AeP 

as an M(l)-module. For any subset M of P, we set Vm = M(l) <g> C[M], which is an 
M(l)-submodule of V P , where C[M] = AeM Ce A . 
For A G P, we define Y(e x ,z) G (EndV P ){z} by 



Y(e\ z) 



exp (E^=i ^r 1 *") exp (- E^i ¥^ n ) (3.3) 



where e\ is the left action of e\ G P on C[P] and 2; is the operator on C[P] defined by 
z A e M = z^'^e^. The vertex operator associated to the vector v = P\(—n\) ■ ■ ■ P r (—n r )e x 
for Pi G f), rii > 1 and A G P is defined by 

where the normal ordering ° • ° is an operation which reorders the operators so that 
P(n) (P G f), n < 0) and e A to be placed to the left of X(n), (X G f), n > 0) and z x . This 
defines a linear map 

Y(-,z) : Vp -> (EndVp){^}. (3.4) 
Let a, A G P be such that (a, A) G Z. Then for w G M(l, a), t> G M(l, A), we have 



ZoH ( z 1 )Y(v, z 2 ) - (-lY a ^c(a, \)z^5 ) ^ F ( M ' ^ 



(3.5) 



Set 

L° = {A G fj I (a, A) G Z}, 

the dual lattice of L, and we fix a coset decomposition L° = Uj g £o/ L (L + Aj) such that 
Ao = 0. In the case P = L°, we see that Vp = ©j 6i o i L V^+z and that the restriction 
of Y( ■ , z) to V L gives a linear map — > (End V\,+l) [[2, z -1 ]] for any z G L°/L. From 
|FLMj . (V^, K( • , z), 1, u;) is a vertex operator algebra and (Va+l, K( • , z)) are irreducible 
V^-modules. Note that M(l) is a vertex operator subalgebra of Vl (with the same vacuum 
vector and the Virasoro element). 



14 



Now we define a map 9 from L° to itself by 

6{K s q e x ) = K s q e_ x 

for any sfZ and A G L° . Since the 2-cocycle e is bimulticative, 9 is in fact an automor- 
phism of L°. Now we define the action of 9 on Vl° by 

9{(3 1 {-n l )(3 2 {-n 2 )---(3 k {-n k )e x ) = (-l) fc /3i(-n 1 )/5 2 (-n 2 ) ■ ■ ■ p k (-n k )e~ x 

for /?j G f), n, > 1 and A G L°. Then we see that 

0y(«,«)v = y(0(«) J< z)0(v) (3.6) 

for any u, v G Vl°. In particular, gives an automorphism of which induces an 
automorphism of M(l). 

For any ^-stable subspace C/ of V^o, let t/ 1 * 1 be the ^-eigenspace of U (of eigenvalues 
±1). Then both (M(l) + , Y( ■ , z), 1, uj) and (V^, Y( ■ , z), 1, u;) are simple vertex operator 
algebras. We have the following proposition (see [DMj and [DLMlJ): 

Proposition 3.1. (1) M(l) ± , M(1,A) for A G f) — {0} are irreducible M(l) + -modules, 
and M(1,A) ^ M(l,-A). 

(Va 4 +l + V^Ai+L^ /or i G L°/L are irreducible V£ -modules. Moreover ij1\, £ L 
then (V\ i+ L + 1 / _a,+l) ± ; V\i+L an d V-\ i+ L are isomorphic -modules. 

Next we recall a construction of ^-twisted modules for M(l) and V L following |FLMj 
and [D2j. Denote by f)[-l] = f) ® t^C[t, t" 1 ] © CC the twisted affinization of f) defined by 
the commutation relations 

[A ® r , ft ® T] = m(/3i, /3 2 )5 m ,-nC and [C, fj] = 

for any (3 1 , (3 2 G f), m, n G ~ + Z. Set 

m(i)(0) = ^(Hqr 1 ] ® tj) 

Then M(1)(0) is (up to equivalence) the unique irreducible f}[— 1] -module such that C = 1 
and (/9 Cg) t n ) - 1 = if n > 0. This space is an irreducible ^-twisted M(l)-module (see 
[FLMl). 

Set K = {a~ l 9(a) \ a G L}. For any L/K-modvle T such that k acts by the scalar 
— 1, we define V£ = M(l)(9) ® T. Then there exists a linear map Y(-,z) : V L — ► 
(End V^)[[z2, such that (V^f, K( • ,2;)) becomes a ^-twisted V^-module (see |FLMj ). 
The cyclic group (9) acts on M {!){&) and Vl by 

0(/3i(-7n)^(-n2)---/9fc(-nfc)) = {^) k f3i{-n l )f3 2 {-n 2 ) ■ ■ ■ f3 k {-n k ) 

and 

9{(3 l {-n l )(3 2 {-n 2 )---(3 k {-n k )t) = (-l) fe / Si(-n 1 )/5 2 (-n 2 ) • • ■ /? fc (-n fc )t (3.7) 
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for fa G §, rii G I + Z> and t G T. We denote by M(l)(^) ± and V*' the ±1 -eigenspaces 
for 9 of M{1){6) and V^", respectively. 

Following [FLMj . let T x be the irreducible L/if- module associated to a central char- 
acter x satisfying x( K ) — ~ 1- Then any irreducible ^-twisted V^-module is isomorphic to 
y L x for some central character x with = —1 (see |D2j ). From |DLij we have: 

Proposition 3.2. (1) M(l)(6) ± are irreducible M(l) + -modules. 

(2) Let x be an central character of L/K such that x{ K ) = ~ 1> an d T x the irreducible 

>» . rp j 

L/K-module with central character x- Then Vf/ -modules V L X ' are irreducible. 

The following classification of the irreducible M(l) + -modules is due to |DNlj and 

Theorem 3.3. The M '(1) + -modules 

M(1) ± ,M(1)(^) ± ,M(1,A)(-M(1,-A)) for\et)-{0} (3.8) 
are all the irreducible M{1) + -modules (up to equivalence). 

Furthermore, the following classification of the irreducible V^-modules was obtained 



in 



DN2] and jXD] : 



Theorem 3.4. Let L be a positive-definite even lattice and let {Aj} be a set of represen- 
tatives of L°/L. Then any irreducible V£ -module is isomorphic to one of the irreducible 

j | rp | 

modules V L , V\ i+ L with 2Aj f. L, V x +L with 2Aj G L or V L X ' for a central character 
X of L/K with x( K ) = — 1- Furthermore, V\ i+ i and V\ j+ l is isomorphic if and only if 
Xi ± Xj G L. 

We refer to the irreducible V^-modules V^, V x+L (2 A L) and V x+L (2A G L) as 
the irreducible modules of untwisted type and refer to Vr x ' as the irreducible modules of 



twisted type. 



3.2 Contragredient modules 

In this section we identify the contragredient modules of the irreducible M(l) + -modules 
and V^-modules explicitly. 
First we have: 

Proposition 3.5. Every irreducible M(l) + -module W is self dual, i.e., W = W . 

Proof. First, since M(l) + is simple and M(l)^ = 0, by Lemma 12.51 M(l) + is self- 
dual. Similarly, the vertex operator algebra M(l) is also self-dual because L(l)M(l)m = 
L(l)f) = 0. Then as an M(l)+-module 

M{1)' = (M(l)+)' © (M(l)-)' ~ M(l) = M(l)+ © M(l)-. 
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Since M(l) + and M(l)~ are nonisomorphic irreducible M(l) + -modules, we must have 
that M(l)~ is self-dual. 

We claim that for any A G f), M(l, A)' ~ M(l, -A) as an M(l)-module. Note that 
the lowest L(0)-weight subspace of M(l, A) is Ce A whose L(0)-weight is (A, A)/2. Define 
a linear functional ip G M(l, A)' by ip(e x ) = 1 and ip{u) = for u G M(l,A)( n ) with 
n — (A, A)/2 G Z >0 . From (J23J) we get /i(0)^ = -(A, h)ip and %)V> = for h G f), n > 1. 
Thus M(l, A)' ~ M(l, —A) as an f)-module, since M(l, A)' and M(l, —A) are irreducible 
f)-modules. Now that M(l, A) and M(l, —A) are isomorphic M(l) + -modules, we see that 
M(l, A) as an M(l) + -module is self-dual. 

It remains to show that the irreducible M(l) + -modules M(l)(6) + and M(l)(6)~ are 
self-dual. It is known that the lowest L(0)-weights of M{1)(Q) + and M{1)(Q)~ are dim f)/16 
and 1/2 + dimf)/16, respectively. Noticing that any irreducible module and its contra- 
gredient module have the same lowest weight L(0)-weight, we see that M(l)(^) ± must be 
self- dual. □ 

Combining Proposition 13.51 with Proposition 12.71 we immediately have: 

Proposition 3.6. Let M l (i = 1,2,3) be irreducible M(l) + -modules. Then the fusion 
rule of type {jjf M 2) as a function of (M 1 ,M 2 ,M 3 ) is invariant under the permutation 
group o/{l,2,3}. 

Next we identify the contragredient modules of the irreducible V 7 ^ 1- - modules: 

Proposition 3.7. The irreducible V£ -modules and Va+l for A G L° with 2X L 
are self dual. For any A G L° with 2A G L, V x+L are self dual if 2(A, A) is even and 
(^a+l)' — ^a+l */2(A, A) is odd. Let x be a central character of L/K such that x{ K ) — ~ 1- 
Then the irreducible modules iV L x ' )' are isomorphic to V L X ' , where x' a central 
character of L/K defined by x'( a ) = ( — l)^"^x( a ) f or an V a £ Z(L/K). 

Proof. We first prove that for A G L° (Va+l)' — V-x+l as a V^-module. Since Va+l = 
© oeL M(l, X + a) and since (M(l, A))' = M(l, -A) as an M(l)-module (from the proof of 
Proposition l3.5|) . we have (Va+l)' — ®<x€lM(1, — X+a). By the classification of irreducible 
V^-modules (see |Dlj ). we must have (Va+l)' — V^a+l- Since Va+l — V^_a+l as a V^- 
module we see that Va+l as a V^-module is self dual. 

Now suppose that 2A G L. Then X + L = —A + L, so that V^ +L = Va+l- We have 
a nondegenerate V^-invariant bilinear form ( ■ , ■ ) on Va+l- From the invariance property 
we have 



for h G f), n G Z, u,v G Va+l, noticing that L(l)h = and L(0)h = h. Thus we get 
(e A , e~ x+a ) = for nonzero a G L. Since the bilinear form is nondegenerate, we must 
have that (e\ e" A ) ^ 0. By and (JH2J) we have 



(h(n)u, v) 



(u, h(—n)v) 



Y 



(e 2 \ 2 ) e - A = e(2A, -A)^ 2 ^ exp ^ 



n>l 



2A(-n) 



n 



z 



.71 



) 



e A . 
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Using this and the invariance property we have 



(Y(e 2 \z)e-\e- x ) = e(2\,-\)z- 2 ^(ex P **LA z n ) e\ e' x ) 

\n>l 71 J 

= e (2A ) -A)^ 2 ( A ' A )(e A ,exp ^ e ~ A > 
= e(2A,-A)z- 2(A ' A) (e A ,e- A ). 

On the other hand, we have 

(e- A ,r(e zi «(-^ 2 ) L(0) e 2A ,^ 1 )e- A ) = (e'\ (-l) 2 ^ Z - 4{x ^Y(e 2X , z- x )e~ x ) 

= ( _ 1) 2(A,A) e(2A) _ A)z -2(A,A) (e -A )e A )) 

noticing that L(l)e 2A = and L(0)e 2A = 2(A, A)e 2A , where 2(A, A) is a nonneeative integer. 
By the invariance property we have 

(e A ,e" A ) = (-l) 2(A ' A) (e- A ,e A ). 

This shows that 



(e A ± e~ x , e x ± (-1) 2 ( A - A ) e - A ) = ±2. 



The irreducibility of V^ +L and the ^-invariance of (■,■) prove that if 2(A,A) is even 
(resp. odd), then (•, •) gives a nondegenerate invariant bilinear form on V^ +L x V^ +L 
(resp. V± L x V& L ). Therefore, (V± L )> - V& L if 2(A, A) is even and - V^ L if 

2(A, A) is odd. 

Let x be a central character of L/K such that x{ K ) = — 1- Then (V L X ) / is a ^-twisted 



V^-module (see jX|; cf. jFHL ). The classification of irreducible 9- twisted modules (see 
[D2J) implies that (V L X ) / is isomorphic to V L X1 for some central character xi- We are 
going to show that xi — x! i using the same method that was used for the untwisted 
modules. 

For a G L, we have f jl'LlVU Section 9.1].) 

«(-™) ..„ \ / \^ a(ra) _„ 



Y(e a , z) = 2-^z-^/ 2 exp [ £ ] exp [ - £ — z ■■ | e Q , 

so that 



v nGl/2+Z> / V nGl/2+Z> 



F(e Q , z)t = x ( e «) 2 -(^°) z -(«.«)/ 2 exp ( ^ } -z n ] t 

,nel/2+Z> n 



for t ET X and a 6 ii = {a|a G Z{L/K) }. Then for any a G -R, £ G T x and ti G T Xl , we 
have 

(Y{e a ,z)t l ,t) = 2-^ a) z- (a ^ /2 (t u t) 
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and 



(h, Y(e zL(1) (-z- 2 ) L ^e a } z~ l )t) = (-lY a ' a ^ 2 x(e a )2- {a ' a h-^/ 2 {t 1} t). 

Therefore, we get x( eQ 0(^i>£) — (~ l)^~^Xi( eQ (h, t) for any a G R, t G T x and t\ G T Xl . 

This proves Xi = x' an d (Vl*)' — ^l*'- Then it is clear that (V^*' )' = V L X '' as a 
V^-module. □ 



4 Fusion rules for vertex operator algebra M(l) + 
4.1 Construction of intertwining operators 

In this subsection we prove that the fusion rules of certain types are not zero for vertex op- 
erator algebra M(l) + by constructing a nonzero intertwining operator. This construction 
of intertwining operator is essentially due to |FLMj . 

For any A, /i, v G f) we call the triple (A, //, v) G f) x {) x f) an admissible triple if 
pA + g/i + rz/ = for some p, g,r G {±1}- Clearly, if (A, /i, i/) is admissible, so is every 
permutation of (A, /i, v). Note that in view of Theorem 13.31 M(1,A) and M(l,/i) are 
isomorphic M(l) + -modules if and only if (0, A, [l] is an admissible triple. 

For A,/i G f), we define a linear map p\ : M(l,/i) — > M(l, A + //) by Pa(m <8> e M ) = 
u®e A+/ \ The vertex operator associated to the vectors e A and v = Pi(—ni) ■ ■ ■ f3 r (—n r )e x 
for fa G f), rij > 1 is defined by 

3U«\ *) = «P f f exp f- £ p^, (4.1) 

\n=l / \ n=l 




(n r - 1 ! V dz 



d x n "- 1 



(4.2) 



where z x is the operator on Ce M defined by 2 A e M = z^'^e^, and the normal ordering ° ■ ° 
is an operation which reorders the operators so that j3(n) (/? 6 f),n < 0) and p\ to be 
placed to the left of (3(n), (/J G t),n > 0) and z A . 

From the arguments in |FL]Vfl Section 8], we see that the operator 

3V( -,z): M(l, A) - Horn (M(l, /i), M(l, A + ^)){*} (4.3) 
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satisfies 

- (-1)( A '"V<5 (^f) y^x+u(v, z 2 )y Xi „(u, Zl ) (4.4) 

for X,fi,u G f) with (A,/i) G Z, u G M(1,A) and t> G M(l,z/). We also have the L(-l)- 
derivative property 4-y\ tlJ ,(u, z) = y\ jfM (L(—l)u, z). Noting 3^( • , z ) is the vertex operator 
map of the irreducible M(l)-module M(l, u), we see that 3\^( • , z) is a nonzero inter- 
twining operator of type (j^p ^n ^) for M(l). Consequently, the fusion rule of type 

(mJS) m(i,/*)) for M (!) + is not zero - Since M (! ; ^ - M ( 1 ' ~ z/ ) as an M(l)+-module for 
any v G f), (jj^ x) - j^i*M)) ^ or is n °t zero. Therefore we have proved: 

Proposition 4.1. For any admissible triple (A, /i, z/) ; the fusion rule of type (j^n^^n M )) 
/or M(l) + zs nonzero. 

For any A G h, we define a linear map 

: M(1,A) -> M(l,-A); fl(w® e A ) = 0(u) ® e~ A forueAf(l). (4.5) 
For /i G F), m G M(l), we have 

(0 o h(0) o fl" 1 )^ <g> e A ) = 0/i(O)(0 _1 (u) ® e" A ) = (h, -\)u <g> e~ A = -/i(0)(u ® e A ) 
and for n 7^ 0, we have 

(0 o /i( n ) o 6- l )(u ® e A ) = 0({h(n)6-\u)) ® e~ A ) = (0A(n)0 _1 (tt)) ® e A = -/i(n)(w ® e A ). 

Therefore, we see that o /i(z) o = —h(z) for any ft G h. Since 6 o p x o 9~ l = p_ x for 
any A G f), one has o y X) -. IJ ,(e x , z) o _1 = 3^-A,^(e~ A , z). By using (|4.2|) we can prove that 
the intertwining operator 3\^( ' > z ) satisfies that 

0y x ,-r(u> = y-x,Mu), z)v (4.6) 

for any u G M(l, A) and v G M(l, fi). By using the isomorphism 0, we define an operator 

e y x ^( ■ , z) : M(l, A) -> Horn (M(l, M(l, -A + y)){z} 

by 

^(w,«)« = y-A,A,(e(u),z)i; 
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for u G M(l, A) and v G M(l, //). Then one can see that e y\ fl ( ■ , z) is a nonzero inter- 
twining operator of type (JffiritjjJ for M(l)+ by using (POfl) . 

Now we consider the case A = /i = v = in Proposition 14.11 Since M(l) is simple, 
K(u, -z)f 7^ for nonzero vectors u, v & M(l) by Proposition 12.81 Clearly, we have 



z)u G 



M(l) + ((z)) if u G M(l) ± and u G M(l) ± , 
M(l)"((z)) if m G M(l) ± and v G M(1) T . 



The restrictions of Y( • , z) give nonzero intertwining operators of types {m^^mcd^} an< ^ 
(m(J±wi)t)' Thus we have: 



VA/(1)± M(l) 

1 Trine iuro nenro' 

Uf(l)± M(l) 

Proposition 4.2. TTie fusion rules of types { m ^± 1 m^±) an d (^(^^/(l)^) are nonzero - 

Next we consider the case A = and \x ^ in Proposition 14. II Notice that the vertex 
operator map Y{ • , z) of the irreducible M(l)-module M(l, jj) is an intertwining operator. 
Then the restrictions of Y( - ,z) give intertwining operators of types ( M ,±f± m\i h)) ■ By 
Proposition 12.81 Y(u,z)v ^ for any nonzero vectors u G M(l) and t> G M(l,/i). 
Therefore the following proposition holds: 



Proposition 4.3. For any fi G f) — {0} ; the fusion rules of types (j^n^^n )) 



M(l)± M(l,/i)> 



are nonzero. 



We shall discuss the construction of intertwining operators of type { M r^xy mciwyi) ^ ot 
A £ f) and G {±} (z = 1, 2). Let A G f). Following |FLM| . we define a linear map 

y?{-,z) : M(1,A) - (EndAf(l)(0)){*} (4.7) 

as follows. First we set 

y?(e\z) 



' ' n | \ * — ' n 



E «p - E ■ (« 



nef +z> 



Next we define z) for w = ni) • ■ ■ f3 r (—n r )e (/3j G f), n, > 1) by 



(rii — 1)! \<iz/ y I (n r — 1)! \dz J 

where the normal ordering ° • ° reorders the operators so that /3(n) (/3 G t), n < 0) to be 
placed to the left of /3(n), (/3 G t), n > 0). Now we introduce an operator A z defined by 



A 2 = J2 cmnhiimjhiin^" 

i=l m,n=0 
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by using an orthonormal basis {hi} of f) and the coefficients c mn subject to the following 
formal expansion 



c mnX m y n = - log 



(1 + + (l + y)5 



m,n>0 

Finally we set y l ™(u, z) = W(e Az u, z). Then by using the same arguments in |FLMl 
Chapter 9], we get the following twisted Jacobi identity 

z^5 ( £l ^) Y{a, z 1 )y? f (u, z 2 ) - z Q l 5 ( £ ^ 1 ) 3^(«, ^)Y(a, Zl ) 
= \ E z ^ 5 ((-^ ^W— ) yT(Y(9 p (a),z )u,z 2 ) 

P=0,1 V Z 2 J 



for any a G M(l) and m G M(1,A) and the L(— l)-derivative property £^ w (tt, z) = 
3^ w (Z/(— l)u, z) for u G M(1,A). These imply that ^"('j- 2 ) is a nonzero intertwining 
operator of type {m(^^m(1)(0)) ^ or By definition we have 

eyf{u, z )e- l {v) = y%{6{u),z)v (4.io) 

for any k G M(l, A) and v G Af(l)(0). 

Letp e : Af(l)(0) M(l)(#) e be the canonical projection and t e : M(l)(#) e -> M(l)(0) 
the canonical inclusion for e G {±}. Then for any ei, 62 G {±}, the composition p 62 o 
y!; w (- ,2) o t ei is an intertwining operator of type {M(i^Mm($) € i) ^ or By direct 

calculation, one has 

y tw (e\z)l = e- |A|2los2 ^-^ (l + A(-l/2)z 1/2 ) mod z-^ +1 M(l)(^)[[^]] 

and 

y w (e A , z)A(-l/2) =e- |A|2log (-|A| 2 ^ 1/2 + (1 - 2|A| 2 )A (-1/2) z° 

+ 2(1 - 2|A| 2 )A (-1/2) 2 z 1/2 + ( 4A (-1/2) 3 - ^A (-3/2)^ z 



3 



_|A| 2 



mod z 2 + 2 M(1)(0)[[^]]. 



tw / 
A \ 



These show that if A is nonzero then the intertwining operator p E2 o y 
nonzero for any E\, t 2 G {±}. Therefore, the following proposition holds: 



Proposition 4.4. For any A G f) — {0} ; £/ie fusion rules of types {m(i$m(i)(o)±) an d 



(w(M) (1 M(Se)±) are nonzero. 

In the case A = 0, 3^j w (-,"2) is the vertex operator map of the ^-twisted 

M(l)-module Af(l)(0). In particular, 3^ w (l,z) = id and y* w (h(-l)l, z) = h(z) for any 
h G f). Thus 3^ w (- ' - 2 ) ^ is a nonzero intertwining operator of type (^(l^Mmre)*) ^ or 
any e G {±}. By using the conjugation property ()4.10j) we immediately have: 

Proposition 4.5. The fusion rules of types ( M(1 ^ (1 i^ 1)( )± ), (m(i^ ( m(i)(o)=f) are nonzero. 
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4.2 Main theorem 

In this section we determine the fusion rules for irreducible M(l) + -modules, generalizing 
a result of |Alj . 

The following result was proved in |Alj : 

Theorem 4.6. Let t) be a 1- dimensional vector space equipped with a symmetric non- 
degenerate bilinear form (•,■). For any irreducible M + -modules M % (i = 1,2,3), the 
fusion rule of type {jjf M -i) is either or 1 and it is invariant under the permutations of 

{1,2,3}. The fusion rule of type {Jf m 2 ) ^ s ^ if an d on ^U if M % [i = 1,2,3) satisfy the 
following conditions: 

(i) M 1 = M(l)+ and M 2 = M 3 . 

(ii) M 1 = M(l)~ and (M 2 ,M 3 ) is one of the following pairs: 

(M(1)+,M(1)-), (M(1)-,M(1)+), 

(M(l, n), M(l, p)) for fi,u e f) - {0} such that \i = ±p, 

(M(1)(9)+,M(1)(9)-), (M(1)(9)-,M(1)(9)+). 

(iii) M 1 = M(l, A) (A 6 f) - {0}) and (M 2 , M 3 ) is one of the following pairs: 

(M(l) ± , M(l, //)), (M(l, //), M(l) ± ) for net)- {0} suc/i tna£ A = ±fi, 
(M(l, /i,), M(l, u)) for [/,, v e t) — {0} snc/i tnat (A, /i, z/) zs an admissible triple, 
(M(1)(0)±,M(1)(0)±), (Jf(l)(J)±Jlf(l)(«)T). 

(iv) M 1 = M(l)(6>) + and (M 2 ,M 3 ) is one of the following pairs: 

(M(1)±,M(1)(9)±), (M(1)W ± ,M(1) ± ) ; 
(M(1, /U ),M(1)(^) ± ), (M(l)(^) ± ,M(l,/i)) (fiet)- {0}). 

(v) M 1 = M(l)(9)~ and (M 2 , M 3 ) one of the following pairs: 

(M(1)±,M(1)(^), (M(1)(0)±M(1)T) ; 

(M(l,/i),M(l)(^) ± ), (M(l)(0)± M(l,//)) (/i G f) - {0}). 

This section is devoted to prove the following generalization: 

Theorem 4.7. Let t) be any finite- dimensional vector space equipped with a symmetric 
nondegenerate bilinear form (■,■). Then all the assertions of Theorem \4 . 6| hold. 
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We write Mp,(l) for the vertex operator algebra M(l) associated with f) and similarly 
for the modules. It is clear that if f)' is a subspace of f) such that the bilinear form of f) 
restricted to f)' is nondegenerate, then M^(l) + is a vertex operator subalgebra M(,(l) + 
(with different Virasoro element if f)' 7^ f)). Furthermore, if f) = f)i © f)2 such that 
(^1,^2) = 0, then the irreducible Mf,(l) + -modules are decomposed into direct sums of 
irreducible M( )1 (l) + © Mf, 2 (l) + -modules as follows: 

M„(l) + = M„ 1 (l) + <g> M b2 (l)+ © M^l)" © M„ 2 (l)-, (4.11) 

M„(l)- = M &1 (1) + © M„ 2 (l)- © Af^(l)- © M„ 2 (l) + , (4.12) 

M„(1,A) = M [)1 (1,A 1 )®M ( , 2 (1,A 2 ), (4.13) 

M^(l)(fl) + * M f , 1 (l)(^) + © M ba (l)(0) + © Affc(l)(0)" © M fe (l)(0)-, (4.14) 

= M f)1 (l)(^) + © M &2 (1)(0)- © M^(l)(ey © M f)2 (l)(^) + , (4.15) 

where we decompose A 6 [) into A = Ai + A2 so that Aj G f)j. 
First we prove the following result: 

Proposition 4.8. For any irreducible M -modules M, N and L, the fusion rule of 
type ( MN ) is either or 1 . 

Proof. We shall use induction on d = dimf). Noticing that Theorem 14.71 in the case 
d = dimf) = 1 has been proved in |Alj (Theorem 14.6)1 . we assume that d > 1. Assume 
that Theorem 14.71 for My(l) + with dimf)' < d has been proved. We decompose f) into 
a direct sum of mutually orthogonal subspaces f)i and f)2 with dimf)i = 1. Theorem 14.71 
applies for both M^l) 4 " and M(, 2 (l) + . Recall ()4.11)) - ([4.15|) for the decompositions of the 
irreducible M(,(l) + -modules into direct sums of irreducible M^l) 4 " © Mfj 2 (l) + -niodules. 
Notice that each of M, N and L is isomorphic to one of those Mf,(l) + -modules. 

Pick up irreducible M 6l (l) + © M &2 (l)+-submodules M 1 © M 2 of M and A^ 1 © A^ 2 of 
N, where M % and N l are irreducible M(, 4 (l) + -modules for % = 1,2. Decompose L as a 
direct sum of irreducible Mt )1 (l) + © Mf, 2 (l) + -modules: 

i 

where L* are irreducible M^. (l) + -modules for % = 1,2. By Proposition 12.91 and Theorem 
I2.1UI we have 

dim W ( MN) ~ dim/ ^ 1 (i) + ^ 2 (D + ( M i a A^V 6^ A2 ) 

(4.16) 



dim /m, i(1 )+ (m^i) • dim/ A/ , 2 (i)+ ( Lj 



M 2 AT 2 



We take suitable irreducible M^l) 4 " <g>M,, 2 (l) + -modules M 1 © M 2 and A^ 1 © A^ 2 from 
M and A" respectively, and consider inequality (|4.16|) . From inductive hypothesis, all the 
summands in the right hand side of (|4.16j) are less than or equal to 1. Furthermore, using 
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Theorem 14.61 for M{, 1 (1) + we see that at most one of summands in the right hand side of 
f!4.16|) is possibly nonzero. For example, in the case M = N = M(l)~ and L = M(l) + , 
we have 



dim J 



M{iy 



M(l)+ 
M(l)" M(l)" 



< dim lM tll (i)+®M t)2 (iy 



M(l)+ 

M 6l (l)+®M f)2 (l)+ M hi ®M~ 2 



my \ M „ T ( M W 



\ + 



dimlM ^ + { M (l)+ M(l)-J - dim/ ^W VM(1) _ M{l y 

v ■ i \ , . j ( m(i)- 

f dim/^ i(1) + ( J ■ dim/ M6a(1)+ ^ 



Therefore, the right hand side of ()4.16|) is zero or one. This proves the proposition. □ 

Next, we show that fusion rules of certain types for M(l) + are zero. 

Lemma 4.9. The fusion rules of types ( M m+ 1 M(i)+) an d ( M ^- Mm-) are zero. 

Proof. Again we shall use induction on d — dimh. As it was proved in |Alj in the 
case dim f) = 1, we assume that dimf) > 2. Take h e f) such that (h, h) ^ and set 
fji = Ch, \] 2 = t)i- Then by using pTHjl for M 1 = M„ 1 (l)+, M 2 = M±, N 1 = and 

iV 2 = and the inductive hypothesis, we get Im(i)+ (m(i)±m(i)±) = ^ respectively. □ 

Using a similar argument we have: 

Lemma 4.10. For A G f) - {0} ; the fusion rules of types ( M( i5± (1 $ 1)± ) and (m^m^) 
are zero. 

We shall need the following simple result in linear algebra: 

Lemma 4.11. Let i) be a (nonzero) finite-dimensional vector space over C equipped with a 
nondegenerate symmetric bilinear form (•, •). Let S be a finite set of nonzero vectors in h. 
Then there exists a one-dimensional vector subspace f)i oft) such that (-, ■) is nondegenerate 
on f)i and such that ui ^ for any u E S, where U\ denotes the orthogonal projection of 
u into t)i. In particular, for X,fi,ue f), if the triple (A,/i, v) is not admissible then there 
exists a one- dimensional vector subspace f)i of f) such that (•, •) is nondegenerate on f)i 
and such that the triple (Ai, jiti, i/l) is not admissible. 

Proof. Let hi, . . . , hd be an orthonormal basis of f). Then the bilinear form (•, •) restricted 
on the M-subspace E = R/ii © • • • © WLha is positive definite. For any u 6 f), we consider u 
as a linear functional on f) through the bilinear form on f). If u 7^ 0, we have {u,hj) 7^ 
for some 1 < i < d, so that kerw D is a proper M-subspace of -E 1 . By a well known fact 
in linear algebra we have 

E 7^ U ueS (ker«n£). 
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Take h G E — U„ e s(ker-u fl E) and set f)i = Ch. We have (u, h) ^ for all u E S. Then 
fji meets our need. 
For A, //, v G f), set 

S* = {aA + o/i + cz/ | a, 6, c G {1, — 1}}. 

We see that the triple (A, /i, z/) is not admissible if and only if S consists of nonzero vectors. 
Then the particular assertion follows immediately. □ 



Next we prove the following lemma: 



Lemma 4.12. (1) For any A, /i G f) — {0}, the fusion rules of types ( M m±M(i a)) 



(1)± M(1,\)J 



are zero 



if (A, /i, 0) is not an admissible triple. 
(2) Let A, /i, v G f) — {0} swc/i £/iai (A,/i, z/) zs noi an admissible triple. Then the fusion 
rule of type (m^ 1 ^^)) /or M (1)+ zs zero. 

Proof. We also use induction on dimf). As it has been proved (Theorem I4.6j) in the case 
dim f) = 1, we assume that dim f) > 2. Since (A, /x, 0) is not an admissible triple, in view of 
Lemma 14.111 there exists an orthogonal decomposition f) = f)i © f) 2 such that dimf)! = 1 
and (Ai,jUi, 0) is not an admissible triple. Using 1)4.16)1 and the initial case, we obtain 



dim J M( i) 
< dim/ 



M(l,/x) 
M(l)± M(l, A) 

M, 1 (i) + ®M, 2 (i)+ ^ Mfii(1)± g, Mfe ( 1)+ Mf)i(1) Al) g Mfe(1) A2 ; 

< dim Jm h( i) + ^ m(1)± m(1) Ai) ) ■ dim / Mia(1)+ ^ M(i)+ M(i) 
= 0, 

proving the assertion (1). From this proof the assertion (2) is also clear. □ 
We also have: 

Lemma 4.13. The fusion rules of types ( M ^% ± ), ( M ^% )± ) ™d ( M{ ^% {6)± ) 
are zero. 

Proof. We shall also use induction on dimf). As it was proved in Theorem 14.61 for rank 
one, we assume that dimf) > 1. As we have done before, we decompose f) = f)i © f) 2 
(an orthogonal sum) with dimf)! = 1. For any 7 G f), 7 is decomposed as 71 + 7 2 with 
7i G f)i for i — 1, 2. Using the decomposition ()4.14j) . the inequality ()4.16|) and inductive 
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hypothesis, we have 

M(1)(0)± 



dim/ 



Af(l)H 



m{\)- M(i)(ey 



( M(i)(ey 

<(] - T ( M^iwyvM^m* 

- aimi ^ 1 (i) + ^ 2 (i )+ y Mi>i{1)+ g, Mte(1) - M fc (i)(e)+ ® M h (i)(e)± 

, j- j ( M^{i){ey ® M^{i){er 

+ d im / AV(1)+ ^ 2(1)+ ^ Mf)i{m+ 9 M , 2 {i){ey 

M{i){ey \ A ._ T ( M(i)(ey 



- dim/ Mfti(1)+ ^ M(i)+ M{1){e)+ ) ■ dun J Wla(1)+ ^ M(l) _ M(1)(0)± 

A . j ( M(l)(9)- \ r / M(1)(0)=f 

+ dim/ A/hi(1)+ ^ + M(1)(0)+ J • dim/^ a(1)+ ^ M(i) _ M(i) 



0. 

respectively. Similarly, the fusion rules of types (j^m-^m±) > (m(i)-Si)±) are a l so zero. 

□ 

Now we put everything together to prove Theorem 14.71 

Proof. By Propositions 14.81 13.51 and 12.71 all the fusion rules among irreducible M(l) + - 
modules are either or 1 and are stable under the permutation of modules. 

We see that the fusion rule of arbitrary type for M(l) + coincides with one of those 
in Lemmas l4.9H4.13l or Propositions I4.1H4.5I after permuting irreducible modules. Fur- 
thermore, we can show that any type of fusion rule indicated in (i)-(v) of Theorem 14.71 
agrees with one of that in Propositions I4.1H4.5I by permuting irreducible modules. This 
completes the proof. □ 



5 Fusion rules for vertex operator algebra 
5.1 Main theorem 

In this section we state the main result on the fusion rules for irreducible V^-modules. To 
do this we need to introduce a few notations. First, recall the commutator map c( • , • ) 
of L°. This defines an alternating Z-bilinear form Cq : L° x L° — > Z/gZ by the property 

c( a , b) = K c q o(a ' b) for a, b G L°. For A, fj, G L°, we set 

Note that 7Tx )Q , — ±1 for any a G L if 2A G L. Next for a central character x of L/K with 
x(k) — ~ 1 an d A G L° with 2A G L we set 

c x (A) = (-l)( A ' 2A ) e (A,2A) X (e 2A ). (5.2) 
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It is easy to see that c x (A) = ±1. For any A G L° and a central character \ of L/K, 

let be the central character defined by x^ X K a ) — (—^Y a,X ^x( a )- We set T^ 1 = T (a). 
We call a triple (A, /i, z/) an admissible triple modulo L if pA + q/i + ru G L for some 
p,q,re {±1}. 

Theorem 5.1. Let L be a positive-definite even lattice. For any irreducible V£ -modules 
M % (i = 1, 2, 3), £/ie fusion rule of type {jJf M 2} is either or 1. TTie fusion rule of type 

iiJ^M 2 ) ^ s 1 an d on ^y M l (i = 1, 2, 3) satisfy the following conditions; 

(i) M 1 = V\+l for \ e L° such that 2 A ^ L and (M 2 , M 3 ) is one of the following pairs: 

iYn+Li Vu+l) fof /U, z/ G L° such that 2/x, 2z/ ^ L and (A, /i, z/) is an admissible triple 
modulo L, 



is an 



(V± +L , K+l), ((K+l)', (V± +L )') for fi, v G L° such that 2/i G L and (A, v) 
admissible triple modulo L, 

(Vf x,± , {Vl x,± , V^ X) ' T ) for any irreducible L/K-module T x . 

(ii) M 1 = V^ +L for A G L° such that 2 A G L and (M 2 , M 3 ) is one o/ t/ie following pairs: 

(Vv+l,Vu+l) for G L° such that 2/i ^ L and (A, /i, z/) is an admissible triple 
modulo L, 

iy^+Li Km-l) / or A 4 ' v e ^° s,uc ^ 2/i G L, 7Ta,2/^ = 1 <™d (A, /i, is an admissible 
triple modulo L, 

(y^+L-i VJ+l) f or E L° such that 2/i G L, K\2n = — 1 and (A, /i, z/) an admis- 
sible triple modulo L, 

(Vf x,± , V^ A),± ), ((^ A),± )', (Vf x,± )') /or any irreducible L/K-module T x such that 
<hcW = 1, 

(Vf x,± , vf xA) ' T ), ((V^™'*)', (V L Tx,T ) / ) /or any irreducible L/K-module T x such that 
c x (A) = -I- 

(iii) M 1 = V^j_ L /or A G L° snca t/iat 2A G L and (M 2 , M 3 ) one of the following pairs: 

(V^+l, Vjy+i) /or /i, z/ G L° snc/i £aa£ 2/i ^ L and (A, /i, z/) is an admissible triple 
modulo L, 

(y^+L-i / or ^ L° such that 2/i G L, 7Ta,2,u = 1 and (A, /i, z/) an admissible 

triple modulo L, 

(Yii+Li Vv+l) f or E L° such that 2/i G L, vta,2^ = —1 <™d (A, /i, z/) zs an admis- 
sible triple modulo L, 



28 



(V L X ' ,V L X ' ), {{V L X ' )', (V L X ' )') for any irreducible L/K -module T x such that 
c x (A) = l ; 

(V L X ' ,V L x ' ), ((V L X ' )', (V L X ' )') for any irreducible L/ K -module T x such that 
c x (A) = -l. 

(iv) M 1 = V^" x ' + /or an irreducible L / K -module T x and (M 2 , M 3 ) zs one 0/ i/ie following 
pairs: 

(Va+l, vf xA),± ), ((vf^)', (V x+L )') for A G L° sncn tfiat 2A £ L, 

(^a+l> ^ A),± ) ; ((^ A),± )'> (^a+l)') /° r A e L ° s « c/i ^ 2A G L and tfiat c x (A) = 1, 

i v x+L, V L* X) ' T ), ((^ A) ' T )', (^a+l)') f° r A G L° snc/i too* 2A G L and that c x (A) = 
-1. 

(v) M 1 = V^ x ' for an irreducible L / K -module T x and (M 2 , M 3 ) is one of the following 
pairs: 

(Va+l, vf xA),± ), ((V^)', (VSh-l)') /or A G L sue/* ^ 2A £ L°, 

(^a+l> vf^'*), ((Vl^^y, (Vx+lY) f° r XeL ° such that 2A G L and that c x (A) = 1, 

(^a+l> V f^ ) ' ± )> ((^z/^)', (V\+ L Y) f° r A G L° snc/i f/iat 2A G L and that c x (A) = 
-1. 

Remark 5.2. In the case that the rank of L is one, Theorem 15. II was previously proved in 

We will give a proof of this theorem in Sections 15.21 and 15.31 where we deal with the 
fusion rules for irreducible modules of untwisted types and for those of twisted types 
respectively. 

5.2 Fusion rules among modules of untwisted types 

In this section we determine the fusion rules for the irreducible V^-modules of untwisted 
types. We first prove that the fusion rules of certain types for irreducible V^-modules 
of untwisted types are nonzero by giving nonzero intertwining operators. Such inter- 
twining operators come from intertwining operators constructed in |DLlj for irreducible 
V^-modules. 

We recall a construction of intertwining operators for irreducible V^-modules following 
jDLT] . Let Y(-,z) : V L o -> (End yb>){2} be the linear map as in ()3.4|) (with P = L°). 
However Y{ • , z) satisfies the L(— l)-derivative property, the identity ()3.5|) implies that 
Y{ • , z) does not give intertwining operators among irreducible ^-modules. We attach 
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an extra factor to Y ( • , z) to get intertwining operators. Let A G L°. We define a linear 
map ttW G Endive which acts on M(l,it) (ji G L°) as the scalar n x ^(= e (A ^ )7ri c<4 o(M * A) ) 
and we then define a linear map [Va(- , z) : V\+l — > (End Vl°){2:} by 

3Mu,z)i> = F(u,z)vr( A )(w) (5.3) 

for any u G M(1,A) and t> G M(l,/z). Then the restriction of ^( ■ , z) gives rise to a 
nonzero intertwining operator of type (^ v Vx+fl + L ) . 



Let A, it, 7 G L° (the dual lattice of L). It was proved in |DL1| Proposition 12.8] 
that Iv {■,, ^t, ) is nonzero if and only if 7 — A — uGL and that Iv (,r Vx+ ^t L ) is one 

L \Vx +L V^+l/ j 1 n V L \ Vx+L Vti+L' 

dimensional. Thus the fusion of type {y^+t^v'+i) f° r * s nonzero. Using a V^-module 
isomorphism between V^+l and VL^+x,, we see that the fusion rule of type (v^7v h ^ i ) i s 
also nonzero. Furthermore we have: 

Proposition 5.3. For any A, //, v G £/ie fusion rule of type {y x+ ^y +l ) f or V£ ^ s 
nonzero if and only if (A, it, zs an admissible triple modulo L. 

Proof. Let (A, it, v) be an admissible triple modulo L. Then V^+i, is isomorphic to V\ +)1+ l 
or Vx-u+l as a V^-module. Hence the fusion rule of type ( Vx ^ + v +L ) * s nonzero. 

Conversely, let us assume that the fusion rule of type [y x+ v L + y +x ) is nonzero. We take 
A, it to be nonzero if necessary. Note that for any 7 G L°, V 1+ l = © aeL M(l, 7 + a) 
as an M(l) + -module. Since V\+l and V^+l contain irreducible M(l) + -modules M(l, A) 
and M(l, it), respectively, by Proposition 12.91 the fusion rule of type (j^n^n J for 
M(l) + is nonzero. By Theorem 14.71 V v+ l must contain an irreducible M(l) + -submodule 
isomorphic to M(l, A + it) or M(l, A — it). Then A+it G z/ + L, or — u+L, or A — fi G z/+L, 
or — v + L. This shows that (A, it, z/) is an admissible triple modulo L. □ 

Furthermore, if 2A G L, by Proposition 12.91 we see that the fusion rules of types 
( T ,± A+ tt L ) are not zero. Similarly, the fusion rules of types ( x ^±~'i~t L ) are also nonzero. 

Clearly, if one of the fusion rules of types ( y ± x_ '^!" i ) is nonzero, the fusion rule of type 

( v V » + V L ) for V+ is nonzero. In view of Proposition 15.31 we immediately have: 



Proposition 5.4. For any A, //, v G L° with 2A G L, the fusion rules of types ( y± " + y ) 
are nonzero if and only if (A,/i, v) is an admissible triple modulo L. 

We next prove the following result: 

Proposition 5.5. Let M 1 , M 2 and M 3 be irreducible -modules of untwisted types. 
Suppose that one of M l (i = 1, 2, 3) is isomorphic to V\+l for A G L° with 2A ^ L or ■ 
Then the fusion rule of type ( M * f M 2) is either or 1. 
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Proof. For A G L°, the V^-module V\+l is decomposed into a direct sum of irreducible 
M(l) + -modules as 

V x+L ^Q)M(l,\ + a). 

Moreover, if 2A G L, we can take a subset S\ C A + L so that Sa H (—5a) = and 
5 A U (-5 a ) = A + L (= L - {0} if A G L), and we have 

V L ± ^M(1) ± © 0M(1,//) if A G L, 

^A + + L = ^A+L = ifA^L 

as M(l) + -modules. Therefore, the multiplicity of any irreducible M(l) + -module in any 
irreducible V^-module of untwisted type is at most one and any irreducible V^-module 
of untwisted type contains an irreducible M(l) + -submodule isomorphic to M(l,/3) with 

Let M 1 , M 2 and M 3 be irreducible V^-modules of untwisted type. From the previ- 
ous paragraph, each M l contains M(l,Aj) as an irreducible M(l) + -submodule for some 
nonzero A, G L° for % = 1, 2, 3. In view of Proposition 12. 9^ we see that the fusion rule of 
type ( m !m 2 ) for V^-modules is not bigger than that of type ( m(1iAi ^(i,a 2 )) for M (!) + " 
modules. Assume that the fusion rule of type (jji^) for V^-modules is not zero. From 
Theorem 14.61 we must have a\\ + 6A2 G A3 + L for some a, b G {1,-1}. That is, (Ai, A2, A3) 
is an admissible triple modulo L. 

By using Propositions 12 . 71 and 13 . 71 we may assume that M 1 is isomorphic to one of the 
irreducible modules V-^ and V\ + l for A G L° with 2A ^ L. We divide the proof in the 
following three cases. 

Case 1: M 1 = ■ From Remark 2.9 of jE] we have that for any vertex opera- 
tor algebra V and for any V^-modules W and M, the fusion rule of type ( vw ) equals 
dim Horn ^(W 7 , M). It follows from Schur lemma (see [FHL]) that the fusion rule of type 
(y^) for irreducible ^/-modules W and M is either or 1. 

Case 2: M 1 = V£ . From Theorem 14.61 (ii). for any irreducible M(l) + -module W the 
fusion rule of type { M m- m(i A2 )) for M(l) + -modules is 1 if W = M(l, — A 2 ) and it is zero 
otherwise. We also know that the multiplicity of M(l, — A2) in M 3 is one. Thus the fusion 
rule of the type ( Afl M2 ) is at most 1. 

Case 3: M 1 = V\+l for A G L° with 2A L. Because (Ai,A2,As) is an admissible 
triple modulo L, we have that either 2X 2 ^ L or 2A3 ^ L. By using Propositions 12.71 and 
13.71 we may assume that 2A3 ^ L. This implies that V\ 3+ l contains either M(l, Ai + A2) 
or M(l, Ai — A2), as an M(l) + -submodule with multiplicity one. In view of Theorem 14.61 
and Proposition 12.91 the fusion rule of type (jji^) is either or 1. □ 

Let A, /i G L° such that 2A, 2/x G L. Then we see that 3M • , z ) gives rise to a nonzero 
intertwining operator of type ( Y^^t? ) for any ei, e 2 G {±}. We consider the conjugation 

V \+L V fi+L 
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■ ? z)9 . By definition, we have for any (5 G L and v G M(l, fx + i3), 

= e (\,-2fi-2p)wi u co(-2fi-2f3^) e (\,»+P)Tvi u co(ji+/3^) v 
= e (A,-2/3)7ri a; co(-2/3 > A) e (A ,-2 At ) 7 ri a; co(-2 At ,A) 7r (A) ^ 

= nx,2^ (X) (v), 

noticing that 

e (\-2f3)ni = ^ w co(-2|9,A) = w co(/9,-2A) = .~2A) = 1. 

Using (|3.6j) and (|5.3|) . we get 

fl^M,*^- 1 ^) = 7r A ^ A (0(u),«)i;. (5.4) 
Next we prove the following result: 

Proposition 5.6. Let A, fx, v G L° such that 2X, 2 fx G L. (1) If (\,fx,v) is not an 
admissible triple modulo L then the fusion rule of type ( H v+ ^i ) ^ s zero f or an V e « ^ 
{±}(i = 1,2,3). 

(2) Let (X,fx,u) be an admissible triple modulo L. Then the fusion rules of types 
( ±" +L ± ) and ( ±" + \ ) are nonzero if and only ifitxpii = 1- The fusion rules of types 

( ± V+L ± ) and ( ± v+ \ ) are nonzero if and only if Ti\ t 2^ = —x. Furthermore, the fusion 



rules of type ( ei "t£, 2 ) is either or 1 for e\ G {±}. 



Proof. The assertion (1) follows immediately from Propositions 15.31 

We now prove (2). By (|5.4|) we see that 3M • -> z ) gi yes nonzero intertwining opera- 
tors of types ( , V V\ ) (( , r ±"Vt± ) resp.) if 7r A , 2 ^ = 1 Oa^ = -1 reps.), so that the 

V X+L V n+L V \+L V+L 

corresponding fusion rules are nonzero. 

It is enough to prove that the fusion rule of type ( v n A+ ^2 ) f° r Vl 1S one f° r an y 

V \+L V n+L 

61,62 G {±}. We shall demonstrate the proof only for e\ = €2 = +■ The other cases can 
be proved similarly. 

As in the proof of Proposition 15.51 for any nonzero v G L° with 2v G L, we take a 
subset S u C v + L such that S v fl (—S u ) = and S u U (—S v ) = v + L (L — {0} if u G L). 
We may assume that v, 3u G S^. Then we have an M(l) + -isomorphism : Vj +L — > 
7e5 ^ M(l, 7) ( -> M(l)+ © 765j/ M(l, 7) if v G L) such that <j>(u + 0(u)) = u for 
any 7 G S u and u G M(l,7). Set 

V+.M = M W + ® ( e7 + e ~ 7 ) © M (!)~ ® ( e7 ~ e ~ 7 ) C K+l 
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for 7 G v + L. Then gives an M(l) + -isomorphism from V^^py] to M(l,j). 

Let 7 G A + L and 5 G /x + L. By Theorem 14.61 the vector space Im(i)+ ( v + [^v+ [g\) 
is of 4 dimension and is spanned by ■ , z) (i — 1, 2, 3, 4) defined by 

= ^ (</>(«), z)</>(u), 
y 2 (tt,^)i; = y 7> _i(0(«) JiZ )0(0(v)), 

y 3 (u,z)v = y^ s (e(cj>(u)),z)(j ) (v), 
y 4 (u,z) v = y_ lt _ s {e{ ( j ) {u)) } z)e{(j>{v)) 

for any u G V^fr] and v G V^. L [5]. 

For a G L we set E a = e a + e~ a G V^. Then for w G V a + l [A], v G Vj. £ [/i], there exists 
a nonnegative integer such that 

(z 1 -z 2 ) k Y(E^,z 1 )y 1 (u,z 2 )v 

= ( Zl - z 2 ) k Y{E 2 \ zjy^iu), z 2 )<P(v) 

= ( Zl - z 2 f (e(2/i, A + /i)3VA+ M (e 2M , z 1 )y x ^{u), z 2 )(/)(v) 

+e(-2/i, A + AO^.A+^e- 2 ", zO^a^u), 22)^)) 
= (zi ~ z 2 ) k (-lf^ (e(2/i, A + /i)3\ 3M (0( M ), z 2 )3We 2/i , zi)0(u) 

+e(-2/i, A + /i)^A,- M (0(M), ^)^-2 MlM (e- 2M , z 1 )(f>{v)) . 

As well, we have 

(z 1 -z 2 ) k Y(E 2 <*,z 1 )y 2 (u,z 2 )v 

= (zi - z 2 ) k (-lf^ (e(2//, A - z 2 )y 2 ^(e 2 ", z 1 )9((f>(v)) 

+e(-2fi, A - ^y^Mu), z 2 )y^^{e- 2 ^ z 1 )e{4>{v))) , 

= ( Zl - z 2 ) k (-lf^ (e(2fi, -A + fi)y-xtM<Ku))> ^)^(e 2 ^, 
+e(-2/i, -A + /i)y-A,- M (^(0(w)), ^-a^e -2 ", z 1 )cf>(v)) , 

= & - z 2 ) k (-l f^ (e(2/i, -A - n)y^(e(<f>(u)), z 2 )y 2 ^(e 2 ^, z 1 )e(<f>(v)) 
+e(-2/x, -A - riy^^dMu)), z 2 )y^,(e- 2 », z 1 )9( ( f>(v))) . 

For simplicity, we set 

A* = y(-l)*A,(2 + (-l)i)M(^(0W)^2)^,(-l)^(e 2M ^l)^(0W), 

= ^-^.(-^(-W^M), ^)^-2 M ,(-i)^(e-^, z x )&(<l>(v)) 

for i = 0, 1. Then we see that A i>j G M(l, (-1)\X + (2 + (-iy»{zi}{z 2 } and G 
M(l, (-1)*A + (-2 + (-iy)/j,){ Zl }{z 2 } and that and B** for i, j = 0, 1 are linearly 
independent in V x+f , +L {zi}{z 2 }. 
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Now we let y( • , z) be an intertwining operator of type ( + + ^+ ) . Then for 7 G X + L, 
5 G fi + L, there are c l l S G C such that the restriction of y( ■ , z) to Vj^py] (g) V^+lIS] is 
expressed by y( ■ , z) = J2t=i c 7 ,<5^( ' ' Tllus ' 

(^ - ^(e 2 ^)^,^ 

= - z 2 ) fe (-l)( 2 ^)(e(2//, A + /i)ci> ' + e (-2/i, A + 
+ 6(2/,, A - /i)^ ' 1 + e(-2//, A - ^cgfl ' 1 
+ 6(2/,, -A + /^A 1 ' + e (-2/i, -A + ^c^fl 1 ' 
+ 6(2/,, -A - n)c^A^e(-2n, -A - jx)^ 1 ' 1 ). 

Since /,, 3/i G S^, we see that 

z)u) = y(e 2 ", z)0(u) + y(e 2 ", z)0(<i>(v)) 

= e(2/i, /i)^(e 2 ^, + e(2/,, -/,)JV,- M (e 2 ", z)e{4>{v)). 

Thus we get 

(z 1 -z 2 ) k y(u,z 2 )Y(E^,z 1 )v 

= ( Zl -z 2 ) fc ( C « M e(2 / ,, / ,)^ 3M (0H^2)^(e^,z 1 )0(^) 
+ C g„e(2/x, /,)^_3 M (0H, z 2 )^- 2M ,- M (e- 2 ^ 
+ c®,e(2/x, |i)y_ A ^(fl(^(«)), ^)^(e 2 ^, zMv) 
+ ci 4 ^e(2 / i,/i)y-A,-3M(^(0(«))^2)^- M (e-^^ 1 )^(0(t;)) 
+ c« e(2/i, -rfy^Mu), ^2,,-^, *i 
+ c^e(2//, -riy^Mu), z 2 )y^(e' 2 ^, Zl )<j>{v) 
+ c^e(2/i, -p)y_ x _p(6(<i>(u)), z 2 )y 2 ^(e 2 », z 1 )9(<f>(v)) 

+ c w C (2^ -v)y^M<f>(v))i z 2 )y- 2 ,Ae~ 2 ^ Zl )<p(v)) 

= ( Zl - z 2 )\c%^^)A^ + cg^/,,/,)^ 1 

+ eg 6(2/,, -/,)A 0,1 + c « c (2|i, 

+ eg 6(2/,, -^A 1 - 1 + 6(2/,, -/i)^' ). 

Since ^( • , 2) is an intertwining operator for V^~, we have (zi — z 2 ) k Y \E 2 ^ , -2)3^(w, z)i> = 
(z 1 — z 2 ) k y(u ) z)Y(E 2 ^, z)v for sufficiently large integer k. Therefore, the linearly inde- 
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pendence of A 1 ^ and B 1 ^ for i,j = 0, 1 gives the following equations: 



(-1) 




(-1) 


>,A) e / 


(-1) 


>,A) / 


(-1) 


>,A) / 


(-1) 


>,A) e / 


(-1) 


>,A) e / 


(-1) 


^A) / 


(-1) 


>,A) / 



2/i, A + fj,)c^ = c^Le(2n, /i) 



(i) 



-2/i, A + /i)c^ = c^e(2/i, -/i), 
2/i, A - n)cfl = c^e(2/i, -/i), 



.(2) 



-2/i, A - /i)c^ = c^e(2/i, /i), 
2/i,-A + /i)c^ = 4 3 ^e(2/i,/i), 
-2/i,-A + /i)c® = c^e(2/i, -/i), 



2/i, —A — //)c 
-2/i, -A - /x)c v 



_ - (3) 

A,/j u A,/j 
(4) 



e(2/i, -//), 



From these equations we get 



-.(2) 



.(3) 



> ,v„ - (-l) (2 - A) e (-2/i, A)c« , C W = (-1)^(2/,, A)c A)/ ,. 

Next we shall apply a similar argument to the associativity 

(z + z 2 ) k Y(E 2X , z + z 2 )y(u, z 2 )v = (z 2 + z ) k y(Y(E 2X , z )u, z 2 )v 

for u G Vx+l[A], v G V^ + i[/i] and sufficiently large integer k. By using ()4.4|) we 

(z + z 2 ) k Y(E 2X , z + z 2 )y x ^(<P(u), z 2 )<p(v) 

= (z 2 + z ) k (e(2X, A + /i)^3A, M (y 2 A,A(e 2A , Zq)<P(u), z 2 )<P(v) 
+ e(-2A, A + fx)y-xAy-2X,x(e' 2 \ z G )<t>{u), z 2 )<f>{v)). 



Similarly, 



(zo + z 2 ) k Y{E 2 \ z + z 2 )y x ,-Mu), z 2 )e{<j>{v)) 

= (z 2 + z ) k (e(2X 1 A - /i)y 3 A,- M (y 2 A,A(e 2A , Zo)<f>(u), z 2 )9(f)(v)) 
+ e(-2A, A - fi)y-x,-^y- 2 x,x(e- 2X , z^u), z 2 )e((f>(v))), 
(z + z 2 ) k Y(E 2X , z + z 2 )y^x,M<P( u ))i ^)<P(v) 

= (z 2 + z ) k (e(2X, -A + /i)^(y 2 A,-A(e 2A , Zo)9((f>(u)), z 2 )<j)(v) 
+ e(-2A, -A + /i)^3A, M (^2A,-A(e- 2A , z Q )B{cj>{u% z 2 )<P{v)), 
(z + z 2 ) k Y(E 2X , z + z 2 )y- X ,-M<t>{v)), Z2)9{<t>{v)) 

= (z 2 + z ) k (e(2X 1 -A - /i)^A,- M (^2A,-A(e 2A , z )6(<f ) (u)), z 2 )6{<t>{v)) 
+ e(-2A, -A - I2)y^ x ,-,(y-2x,-x(e 2 \ zbW(u)), * 2 W(«)))- 



35 



Hence, 

(z + z 2 ) k Y(E 2 \z + z 2 )y(u,z 2 )v 

= (z 2 + z ) k (c ( xi e(2A, A + ^A^OWe 2 *, z )<f>(u), z 2 )<t>{v) 
+ c« e(-2A, A + /i)^-A, M (^-2A,A(e- 2A , ;zo)0(u), ^)<^)) 
+ c^e(2A, A - /i)y3A,^(^2A,A(e 2A , z )(f>(u), z 2 )e<f>(v)) 
+ c^e(-2A, A - fi)y-x,-,(y-2X,x(e- 2 \ z )<f>(u), z 2 )0(<f>(v))), 
+ e(2A, -A + /i)^A, M (^2A,-A(e 2A , *oW(u)), z 2 )<f>(v) 
+ 4 3 ie(-2A, -A + /i)^3A, M (y-2A,-A(e- 2A , z )9(<f>(u)), z 2 )cf>(v)), 
+ c A ^e(2A, -A - /i)^A,- M (^2A,-A(e 2A , £ O )0(0H), ^)fl(^(t;)) 
+ c^e(-2A, -A - /i)^-3A,^(^-2A,-A(e 2A , z )6(<f>(u)), z 2 )6(<f>(v))). 

Now we set 

C lJ = :Wi) i )A,(-i)^(^A,(-i)u(e 2 \ ^o)^(0H), Z2)W(<Kv)\ 
D iJ = y ( _ 2+( _ 1)i)Ai( _ 1) ^(y_ 2Ai( _ 1)iA (e- 2A ,2o)0 i (0(«)),2 2 )^(0(v))- 

for i = 0,1. Since e M(l, (2 + (-1)*)A, (-l)^)((z ))((z 2 )) C VW^((*o))(teO) 
and -D* J G M(l, (-2 + (-l) l )A, (-1)»((^ ))((^)) C V x+fl+L ((z ))((z 2 )), and -D ij 
for « = 0, 1 are linearly independent in V\ + ^ + l((z ))((z 2 )). Using C M and D hj , we can 
rewrite the identity above as 

(z + z 2 ) fe F(E 2A ,z + z 2 )^,^ 

= (z 2 + *b)*(c« e(2A, A + /i)C°<° + c« e(-2A, A + ^ 
+ c A 2 > e(2A, A - /i)^ 1 + c A 2 > e(-2A, A - ^D - 1 
+ c A 3 ^(2A, -A + /i)^ 1 ' + ci 3 ^e(-2A, -A + pt)D^ 
+ c« e(2A, -A - rfC 1 ' 1 + c?>(-2A, -A - fj^D 1 ' 1 . 

As before we note that 

0(F(£ 2A , zo)«) = e(2A, A)^2A,A(e 2A , *oM«) + e(2A, -A)y 2A ,_ A (e 2A , zoWH). 
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So 



{z + z 2 ) k y{Y{E 2fl ,z )u,z 2 )i 



=(zo + z 2 ) k (4l^2X, A)^3A, M (^2A,A(e 2A , z )<f>{u), z 2 )4>(v) 
+ 4 2 A ) i/ (2A, A)^ 3 A,- M (y 2 A,A(e 2A , z )<j>{u), z 2 )d(<f>(v)) 

-2\-\{e ,z o )0(<fi(u)),z 2 )(j)(v) 
+ 4 4 A } iM e(2A, A)^3A,- M (^- 2 A,-A(e- 2A , *oW(«)), z 2 )9((j>(v)) 
+ c« e(2A, -A)^A, M (^2A,-A(e 2A , *oW(«)), ^(v) 
+ e(2A, -X)yx,-,(y 2X ,-x(e 2 \ *oW(«)), z^O^v)) 
+ c A 3 ^e(2A, -A)^A, M (^-2A,A(e- 2A , z )4>(u), z 2 )<f>(v) 
+ c^e(2X, -A)^-A,- At (^2A,A(e- 2A , z )4>(u), z 2 )9(4>(v)) 
= {zi - z 2 ) k (c^e(2X, A)C°'° + 4 2 ^e(2A, A)^' 1 
+ 4 3 A ) iM e(2A, X)D 1 ' + 4 4 A ) iM e(2A, X)D 1A 
+ c« e(2A, -A)C 1,0 + eg, e(2A, -AJC 1 ' 1 
+ 4 3 >(2A,-A)^° + 4 4 ! ie (2A,-A)^ 1 ). 

Since C*'- 7 and _D M for z, j = 0, 1 are linearly independent, the associativity formula implies 
the equations 

c« e(2A, A + fi) = 4^e(2A, A), c« e(-2A, A + //) = c A 3 >(2A, -A), 
4 2 ^e(2A, A - /i) = 4 2 A ^e(2A, A), C g,e(-2A, A - M ) = c« e(2A, -A), 
4 3 j 1 e(2A, -A + /i) = 4>(2A, -A), 4 3 ^(-2A, -A + a*) = cg>(2A, A), 
4 4 ^e(2A, A - ai) = cg,e(2A, -A), c^e(-2X, A + //) = cg^epA, A). 

This proves that 

c®=e{-2\,ri<M = e(-A,2 M )c«. (5.6) 
Combining (|5.6|) with (|5.5|) we see that 

=4 4 ; t (^A, M (0(u)^2)0(^) + (-if^e(-2fi, x)y Xt -Mu),z2)0{(f>{v)) 
+ e (-A, 2^)y_ A , M (0(0(«)), z 2 )cj>(v) + (-iY 2 ^y^(e(<p(u)), z 2 )e{(j>{v)). 

Thus the image of I v + (,X x+ti ,t+ ) m Im(i)+ (■,,+ V ^t+ , ,) is spanned by one intertwining 

operator, in particular, the dimension is one. This concludes that the fusion rule of type 
( + A+ ^+ ) is at most one. This completes the proof. □ 

In view of Propositions 12.71 15.31 15.41 15.61 and 15.51 we immediately have: 
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Proposition 5.7. Let M l (i = 1,2,3) be irreducible -modules of untwisted type. Then 
the fusion rule of type {jjf M o) is either or 1. The fusion rule of type {j]f M ^) is 1 if 
and only if M % [i = 1,2,3) satisfy the following conditions; 

(i) M 1 = V\ +L for A G L° such that 2A ^ L and (M 2 , M 3 ) is one of the following pairs: 

iy^+L, Vu+l) f or & L° such that 2/i, 2z/ ^ L and (A, /i, v) is an admissible triple 
modulo L, 

(V^ +l ,V u +l), ((K+l)', (V^+lY) f or Hi v e L ° such that 2/U G L and (A, /i, v) is an 
admissible triple modulo L. 

(ii) M 1 = V^ +L for A G L° such that 2A G L and (M 2 , M 3 ) one of the following pairs: 

(V^+l, V u+ l) for ji,u G L° sncn £na£ 2{i L and (A, //, z/) an admissible triple 
modulo L, 

(^+l> Km-l) f or /-£, ^ G L° sncn iaai 2/i G L, 7Ta,2^ = 1 and (A, /i, z/) is an admissible 
triple modulo L, 

iy^+Li VJ+l) f or Ai, ^ G L° snc/i that 2/i G L, 7Ta,2^ = — 1 and (A, /i, z/) is an admis- 
sible triple modulo L. 

(iii) M 1 = V^ +L for A G L° snc/i t/iat 2A G L and (M 2 , M 3 ) one of the following pairs: 

{V/j,+l,Vu+l) for n,v e L° such that 2ji L and (A, //, v) is an admissible triple 
modulo L, 

(^u+l> Kh-l) / or ^ L° such that 2/i G L, irx^ = 1 and (A, /i, z/) an admissible 
triple modulo L, 

(Vu+Li Km-l) / or HjVEL such that 2/i G L, 71"a,2^ = —1 o^d (A, /i, z/) is an admis- 
sible triple modulo L. 



5.3 Fusion rules involving modules of twisted type 

We construct nonzero intertwining operators among irreducible V^-modules involving 
modules of twisted type in this section. We use x f° r a central character of L/K with 
x(k) = — 1 and use T x to denote the corresponding irreducible L / 7\~-module. 
Let A G L°. We define an automorphism a\ of L by 

<7 A (a) = K (x ' d) a 

for any a G L. Since cr A (#(a)) = #(a" A (a)), o~\ stabilizes K. Hence cr x induces an automor- 
phism of L/K. 

For any L/ K-module T we denote by T o o" A the L/ K-module twisted by o~\. That is, 
T o a\ = T as vector spaces but with a new action defined by a.t = cr\(a)t for a & L/K 
and t £ T. Since T x oa x is also irreducible, there is a unique central character x^ of L/i\~ 
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(with x i K ) = ~ I); such, that T x o a x — ?1(a). Let / be an L/K-module isomorphism 
T x o <j x — > T x (a) . Then / is a linear isomorphism from T x to T '(A) satisfying 

f{a x (a)t) = af{t) (5.7) 

for a £ L/K and £ G T x . 

We now fix A G L° and an L/X-module isomorphism / : T x o cr A —> T '(a). For any a G 
L, we define a linear isomorphism r/ A+a :T x ocr A -> T < A ) by ?7 A+Q = e(— a, X)e a o /, where 
we write e(//, z/) = Uq for fi,v £ L° as before. Then we have a linear isomorphism 



77 7 : T x -> T 



(A) 



x 

for any 7 G A + L. 

Lemma 5.8. For any 7 G A + L and a G 

e a o % = (-l)(^) % oe a , (5.8) 
e a o r/ 7 = e (a, 7)^ 7 +« = e(-a, 7)%- a - (5.9) 

Proof. Set /3 = 7 — A G L. Since e a o f — (— l)( a > A )/ o e a and e^e^ = (— l)^ Q! '^e i ge Q ,, we 
have e Q o r/ 7 = (— l)*"' 7 ^ o e a . This proves (j5.8j) . By definition we have 

e a o ?7 7 = e (-/3, X)e a oe p o f 

= e(-P,\)e(a,P)e a+ o / 

= e(-/3, A)e(a, /3)e(a + /?, A)?? 7+Q 

= e(a,7)^7+"- 

Thus the first equality in (|5.9|) holds. The second equality in ()5.9j) follows from the fact 
that e_ Q = 9(e a ) = e a on T x . □ 

Remark 5.9. In the case L = Za of rank one, there are two irreducible L/i^-modules 
T 1 , T 2 on which e a acts as 1 and —1 respectively. Then for any A = r^ot G L°, r]\ 
stabilizes T l for i = 1, 2 if r is even and switches T 1 and T 2 if r is odd. Thus the map r]\ 
coincides with ip\ in |A2j up to a scalar multiple. 

Let A G L°. Recall operators y x ^(-,z) and 3^ w (-,z) defined in (JO)) and (ET7I) . 
Following the arguments in |FLM| Chapter 9], we have the following identity for any 
a G L, A G L°, a G M(l, a) and tt G M (1, A) 



= 5 E ^" 1<5 ((- 1 ) p ( " 1 ~J 2 ° )1/2 ) t + H* N (n«)^)¥ 2 ) 

P=0,1 \ z 2 J 
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and 



on M(1)(0). 



y?(L(-i)u,z) = ±yr(u,z) (5.ii) 



Now we define an operator y tw (u, ■ , z) from V^ x to V^ x by 

^( tt ,z) = ^K^)®^ (5.12) 
for any u G M(l, A + /3) C Va+l- So we have a linear map 

X w ( • , z) : Va+l - Horn (V?, V^){*}. 

We remark that if A = then T^ A) = T x , n A + Q = e a and j^ w (a, 2) = y^(a, zi) ® e a is 
exactly the twisted vertex operator Y(a, z) associated to a G M(l, a) C which defines 
the twisted module structure on V L X (see [FLM]). 

Proposition 5.10. Let A G L° and x be a central character of L/K with x{ K ) = ~ 1- 
JTien /or any a G and u G Va + ^, tne identities 



(V) 



*o ^ ( £l ^) y ( a » *0 - ^ (^^f 1 ) ^ W ( M > ^)V (a, 

(* - ^o) 1/2 



5 E ^ 

P=0,1 V 



1/2 



y w (F(^(a),^)M^ 2 ) 



and 



az 

• / v ; i • 7 -Crtw/ A ■ _ __ • / . • • . r . / * '; 



.T. 



(A) 



ao/d on Vr x . In particular, y tw (- ,z) is an intertwining operator of type ( L t x ) for 



V L + 



Proof. By ()5.8j) - (|5.10)) we see that for any a G M(l,a) C V L and u G M(l,7) with 
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7 e A + L, 



= z l S (^f 1 ) {y?{a, zi) ® e«) (^ w («, 22) ® 
= ^5 ^ w (a, *03^(u, z 2 ) <g> (e Q o % ) 

^0 
20 



^(^lt(Mi)yr(v 2 ) 



1 ( {z\ — z ) 1 / 2 \ 

-Z^5 f 1 ^ 1/2 ° I ^J+aC^^^oK^) ® ( e (« ; 7)^ 7 +«) 

+ ^- (2:i ~J 2 ° )1/2 j ^ w Q (^, 7 (^(a),z )w^ 2 ) ® (e(-a, 7 )^-a) 



2 z \ .1/2 



5 £ f 1 * f( -1 )' 

p=0,l V 



(^i-^o) 1/2 



z l/2 



y?(Y(e p (a),z )u,z 2 ). 



It follows from ()5.11|) that 3^ tw (-,-z) satisfies the L(— l)-derivative property. The last 
assertion is clear. □ 

We recall the canonical projection p± : M(l)(9) — > M(1)(0) and the canonical injec- 
tion i± : M(l)(6') ± -> Af(l)(0). We then have the projection p ± ®id : V[ -> Vf^ and the 
injection ® id : V^' 1 * 1 — > V£ for any irreducible Z//.ff -module on which k = — 1, noting 
that Vjf = M(l) (6 1 ) (g>T. We also write for them by p± and t± respectively. Let e 1 ,e 2 G {±} 
and A G L°. It is clear from the definition that the restriction p^ o y tw ( • , z) o t ei is a 

nonzero intertwining operator of type L y T x , n ) for V^. Thus we have: 
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V x :± x , / V x ' T 



Proposition 5.11. For any X G L° , the fusion rules of types L y T x ,±) and L y T x ,±) 
for are nonzero. 

We now consider the case 2 A € L. Let 3^\ w ( ■ ,z) be the intertwining operator of type 

T (A) 

v \ _____ 

( L t x ) defined in f!5.12|) . By the conjugation formula (|4.10j) . one has 



eyf(u,z)e~\v®t) = (y%_Mu),z)v)®r, x+a (t) (5.13) 

for a G L, u G M(l, A + a), v G M(1)(0) and t G T x . 
By 

r)-x-a(t) = e(2A + a, A)e_ 2A _ Q n A (t) 

= e(2A + a, A)e(a, 2A)(-l) (Q ' 2A) e_ 2A e_ a n A (t) 
= e(2A, A)e(a, 3A)e 2A e a n A (t) 
= e(2A, A)e(a, 4A)e 2A n A+Q (t) 
= e(2A, A)e 2A n A+a (t). 

Note that e 2A is in the center of L as (2A, 0) G 2Z for any j3 G L. Therefore, e 2A acts on 
T (A) by the scalar x (A) ( e 2A) = (-l) (A ' 2A) x( e 2A) = x{ e 2x)- Hence 

V-x- a (t) = e(2A, A)(-l)( A ' 2A ) X (e 2 A)r/A +a (t) = c x (X) Vx+a (t) , (5.14) 

where c x (A) is the constant defined in (|5.2|) . It follows from ()5.13|) and ()5.14|) that 

^(^^r 1 ^ = ^(A)" 1 ^ (5.15) 

for any u G V£% w G V^' 62 . It is clear that c x (A) depends on A up to modulo L. 
Recall that c x (A) G {±1}- We have the following proposition: 

Proposition 5.12. Let x be a central character of L/K such that x( K ) = ~ 1- F° r an V 

T (A) . _(A) 

A G L° wift 2A G L, i/ie fusion rules of types ( + L Tx ,±) and ( _ L t x ,±) are nonzero 

V X+L V L V X+L V L 

T (A) T T W + 



i/ c x (A) = 1, and the fusion rules of types ( + L Tx ,±) and ( + L Tx ,±) are nonzero if 

\-\-L h \-\-h L 

c x (A) = -l. 



We are now in the position to prove that the fusion rules of type (Ji M 2) is less than 
1 if one of M 1 , M 2 and M 3 is of twisted type. 

Proposition 5.13. Let M l , M 2 and M 3 be irreducible -modules. The fusion rule of 
type {jJxmt) is if one of M 1 , M 2 and M 3 is of twisted type and if the others are of 
untwisted type or if all of M 1 , M 2 and M 3 are of twisted type. 
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Proof. First we consider the case that one of M 1 , M 2 and M 3 is of twisted type and the 
others are of untwisted type. In view of Propositions 12 . 71 and 13. 71 we may assume that M 1 
and M 2 are modules of untwisted types. Then there exist A, fi G L° such that M 1 and M 2 
contains irreducible M(l) + -submodules isomorphic to M(l, A) and M(l,/i), respectively. 
By Proposition 12 .9\ the fusion rule of type (jjf M 2) is less than or equal to the fusion rule 
of type { M r x yf M t\ M )) for M(l) + . Since M 3 is a module of twisted type and is a direct 
sum of irreducible M(l) + modules isomorphic M(l)(6) + or M(1)(0)~, the fusion rule of 

type {m^Ip) is by Theorem O 

Next we consider the case all M 1 , M 2 and M 3 are of twisted type. Then each M % is 
a direct sum of M(l)(8) + or M{1){9)~ . Proposition 12.91 and Theorem 14.71 show that the 
fusion rule of type L lM2 ) is 0. □ 

Let Xi an d X2 be central characters oiLjK such that Xi{ K ) = ~ 1 an d M an irreducible 
V^-module of untwisted type. We shall prove that for any e±, e<i G {±}, the fusion rule 

of type ( M L v T xl , n ) is if X2 ^ Xi • 



Suppose that the fusion rule of type ( M yT xl , £1 ) is nonzero, and let y{ ■ , z) be a nonzero 

intertwining operator of the corresponding type. Since M is an irreducible V^-module of 
untwisted type, there is an M(l) + -submodule W isomorphic to M(l, A) for some A G L°. 
Let £ be an M(l) + -module isomorphism from W to M(l, A), and define y(- ,z) by 

y(u,z)v = y(c\u),z)v 

for u G M(l, A) and v G V™ . Then y( ■ , z) is a nonzero intertwining operator of type 

( m ^ ^T xi , ei ) for M(l)+. Since V^ Xi, i = M(l)(6)^ ®T Xt as M(l)+-modules, we have the 
following isomorphism of vector spaces 

Im(d+( Vl t e?\ =hm)+( i,,^}}]^,^ 1 ® Hom c (T Xl , ILj. (5.16) 
( J \M(1, A) vf X1 ' V V Af ( 1 > A ) M(l)(0) e V 

We recall that Im(i)+ (M(n)M(i)(fl) e i) * s one dimensional and has a basis p £2 °3^ w ( ■ ,z)ot ei . 
By using (j5.16J) we see that there exists fx G Horn (T Xl , T X2 ) such that 

y(u,z)(v®t) = (p^y^^z)^)))®^) (5.17) 

for any u G M(l, A), v G M(l)(#) ei and £ G T Xl . The vertex operator Y(a, z) associated to 

a G V^[a] acts on vf* 2 '' 2 as F(a, 2) = (3£ w (6, *) + %(0(&), «)) ® e a , where a = 6 + 0(6) 
with 6 G M(l, a). Thus we have 

F(a,^(ii,z 2 mf) 

= (Pe 2 (t(Mi) + W)^))W«) l ^(i)))«e a A(t) 
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for any u e W, v G M(l)(6 l ) ei and t G T X1 . Similarly, we get 

y{u,z 2 )Y{a,zx)(v®t) 

From (|5.1()j) . we see that for sufficiently large integer fc, 

- 2 2 )%(Mi)^(e(«)^> = (-1)^1 -Z2) k y?(t(u),z 2 )yr a (b, zi )v 

for 6 G M(l,±a), u (z W and t> G M(l)(6') ei , respectively. Therefore, (l5~TSD and lETTS)) 
shows that 

(-21 - z 2 ) fe y(u, ^ 2 )r(a, Zl )(v ® t) 

= ( Zl - z 2 ) fe (p^f (£(«), *0 (3^(6, + 3^(5(6), *)) t») ® / A (e a t) 

= (-i) (a ' A) (^i - z 2 ) k ( Pe2 (y^(b, Zl ) + y^m,^)) y?(t(u),z 2 )L ei (v)) ® am) 

= (-1)(^)(^ - z 2 ) fc F( a , Zl )y{u, z 2 ){v ® / A - 1 ((ea)- 1 /A(e Q t))). 

(5.20) 

Since y( ■ , z) is an intertwining operator for V^~, we have 

(zi - z 2 ) fc ;y(u, 22)^(0, ® t) = (zi - ^ 2 ) fc ^(a, z 2 )(v ® *) 

for large k. Thus (I5.18j) . (|5.20j) and Proposition 12.81 imply the identity 

e a fx(t) = (-l)(^)/ A (e Q t) = f x (a x (e a )(t)) (5.21) 

for any a G L and i G T Xl . Therefore, /a G Horn (T^ , T X2 ) . Consequently, we see 
that there exists an injective linear map 

h 't (JkPO "* ' M(1)+ U") 1 ™-) 8 (5-22) 

We have dime B.om i^ K (T^ , T X2 ) = C5 (x) ^. Hence the dimension of the right hand side 
in (J5.22)) is less than or equal to 1 by Theorem 14.71 We obtain the following proposition: 



Proposition 5.14. Let M be an irreducible -module containing an M(l) + -submodule 

y T X2' e 2 

isomorphic to M(l, A) and let e±, e 2 G {±}. Then the fusion rule of type ( L T xi>n ) is 

M V L 

Z ero if Xi 7^ Xi an d ^ s ^ ess than or equal to 1 if X2 = Xi • 



Corollary 5.15. For any A G L° with 2A ^ L and 6i,e 2 G {±}, the fusion rule of type 

y T X2 ' e 2 

( L t Xi , ei ) is 5 (A) . 

W X+L V L X1 Y > X\',X2 

Proof. It is clear from Propositions 15. 1 fl and 157131 □ 
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Finally we prove the following proposition: 

Proposition 5.16. Let A G L° with 2A G L and x a central character of L/K such that 
x{k) — — 1- Then 

T (A) T (A) 

(1) the fusion rules of types ( + L Tx ,±) and ( _ L t x ,±) are if e x (A) = 1, 



r (A) , T (A) 

/ V x \ / V x ' T \ 

(2) the fusion rules of types ( + L t x ,±) and ( _ L Tx ,±) are zero if c x (A) = — 1. 



T (A) 
^ X 



Proof We shall only prove that the fusion rule of type ( + L Tx ,+) is when c x (A) = — 1. 
The others can be dealt similarly. 



Vr X 



Let y{ ■ , z) be an intertwining operator of type ( + L t x ,+) and fx the linear map 

defined as in (J5.17J) . As in the proof of Proposition 15.61 we take a subset S x C A + L such 
that V+ +L * M(1,/x) (= M(l)+ © ©^ M(l,/i) if A G L) as M(l)+-modules. 

We recall the M(l) + -module isomorphism <fi : V X + +L [X\ — > M(1,A) for A G S\. We may 
also assume that A, 3A G S\- By (J5.1L))) . we have for any a G M(l, 2A), w G M(l, A) and 
sufficiently large integer k 

(z Q + z 2 ) k y* w x (a, z + z 2 )yf{u, z 2 )(v ® t) 

= o ^(^2 + ^o) fe 3 ; ( t i W + (-i)P 2 )A(3 ; (-i) W (^(a)^o)n,2; 2 )(i;®t) 

p=0,l 

= \{Z2 + z ) k (yT x (y2X,x(a, z )u, z 2 ) + y^ x (y- 2 x,x(e(a), z )u, z 2 )) (v ® t) 

for u G M(1)(0) + and t G T x . This and (l5~T%j) show that for a = b + 6(b) G V^[2X] with 
b G M(l, 2A), u G V X + +L [X] and v G M(1)(0)+ 

(z + z 2 ) k Y(a, z + z 2 )y(u, z 2 )(v <g> t) 

= (20 + ^) fc (^7 (yTx(b, z + z 2 ) + y% x (9(b), z + * 2 )) X w (4>(u), z 2 )v) ® e 2X f x (t) 
1 (z 2 + z ) k ( P fy^(y2x,x(b, z )(j)(u), z 2 )v + V +y-x{y-2\x{e{b), z )<j>{u), z 2 )v 



2 

+p^yj x (y_ 2XX (e{b), z Q )<j>{u), z 2 )v + P ^yT x (y 2X , x (b, z )<j>(u), z 2 )v) ® e 2X f x {t) 

= (z 2 + z ) k (p% (y^(y 2X , x (b, z )ci>(u), z 2 )v + y tw x (y- 2X ,Mb))<p(u), z 2 )v)) ® e 2A / A (t). 

(5.23) 

Consider <ft(Y(a, z)u) for any a G V^[2A] and u G V X + +L [X]. Note that it = <f>(u) + 
0(0(u)). We have 

Y(a, z)u =e(2A, A) (y 2A)A (a, z)<j>{u) + ^ 2A ,_ A (^(a), *)0(0(u))) 

+ e(-2A, A) {y 2X ,-x{a, z)0(<f>(u)) + 3^ 2A , A (0(a), z)4>{u)) . 
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Since 3 A, A G S x , we have 

0(F(a, z)u) = e(2A, \)y 2X ,x(a, z)<P(u) + e(-2A, A)y 2A ,_ A (a, z)0{(j){u)). 

Using f)4.6|) gives 

4>(Y(a, = e(2A, A)y 2A)A (a, z)<f>{u) + e(-2A, A)0y_ 2A)A (0(a), 

Note that p+yl w (u,z)w = p + y%(6(u), z)w for any u G M(l,i/) and w G M(1)(0)+. 
Hence 

y(Y(a,z )u,z 2 )(v(g)t) 

= e(2A, Ay + w ^I(y 2A , A (a, z Q )4>{u), z 2 )v) ® f 3X (t) (5.24) 
+ e(-2A, A)p t + w ^ W A(^-2A ) A(^(a), z )<j>(u), z 2 )v) ® f x {t). 

On the other hand, ()5.23|) gives 

(z + z 2 ) k Y(a, z + z 2 )y(u, z 2 ){v ® t) 

= (z 2 + z ) k {pfyl w x (y 2X ,x(a, Zo)<i>(u), z 2 )v ® e 2X f x (t) (5.25) 
+ pTy'-xiy^xAOia), z )<f>{u), z 2 )v <g> e 2X f x {t)) . 

Since y is an intertwining operator we have the identity 

(z + z 2 ) k Y(a, z + z 2 )y(u, z 2 ){v <g> t) = (z 2 + z ) k y{Y(a } z )u, z 2 ){v g> t) 

for sufficiently large integer k. It follows from (J5.24j) and (|5.25j) that 

P^y^(y 2 x,x{^ *o)0(«), *2>) ® (e(2A, A)/aA(t) - e^t)) 

= ^ w A (;V- 2AlA (0(a), zb)^(«), ® (WaW - e(-2A, A)/ A (*)). 

Since the least powers of i n 

y3l(^2A,A(e 2A ^o)e A ^ 2 )^ and y! w A (^2A,A(e- 2A ^ )e A ^ 2 )^ 

are (2A, A) and — (2A, A) respectively, we see that if A ^ 0, 

X W (e 2X )f x (t) = e 2X fx(t) = e(-2A, A)/ A (f) (5.26) 

for any t G T x . That is, 

c x (A)/a(*) = /a(0- (5-27) 
The condition c x (A) = —1 forces f x = 0. This shows y( ■ , z) = 0. □ 
By Propositions 12.71 l5.llH5.r31 15.161 and Corollary 15.151 we immediately have: 
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Proposition 5.17. Let M l (i = 1, 2, 3) be irreducible -modules and assume that one of 
them is of twisted type. Then the fusion rule of type ( Mi M2 ) is either or 1 . The fusion 

rule of type (Jf M 2) is 1 if an d or % if M l (i = 1,2,3) satisfy the following conditions; 

(i) M 1 = V\+l f or A G L° such that 2\ L and (M 2 , M 3 ) is one of the following pairs: 

rp _j_ rp(^) _j_ rp j rp(^) ^ 

(V L X ' ,V L X ' ), (V L X ' ,V L X ' ) for any irreducible L / K -module T x . 

(ii) M 1 = Vif, /or X £ L° such that 2A G L and (M 2 , M 3 ) zs one of the following pairs: 

(V^ X,± ,V^ X ,=t ), {iy1 x ,± ) / , (V^*^)') for any irreducible L/K-module T x such that 
c x (X) = l, 

(V^ x,± , vf** ((V L T ^ ) ' ± ) / , (V L Tx,T ) / ) /or any irreducible L/K-module T x such that 
c x (A) = -l. 

(iii) M 1 = V^j_£, /or A 6 L° sitc/i iaai 2A G L and (M 2 , M 3 ) zs one of the following pairs: 

(VZ X,± , V^ x ((^ (vf*^)') /or any irreducible L/K-module T x such that 
c x (\) = l, 

rp _j_ rp(^) _j_ rp(^) _|_ /jn _|_ 

(^l*' >^l x ' )> ((^l x ' )'>(^l X ' )') for any irreducible L/ K -module T x such that 
c x (A) = -l. 

(iv) M 1 = V^ x ' + /or an irreducible L/K-module T x and (M 2 , M 3 ) zs one of the following 
pairs: 

(V x+L , ((V^ A),± )', (Vk+i)') /or A G L° such that 2A £ L, 

( v \+li vf xA>,± ), ((vf*^)', ( Vx+l)') M A G L° snca ^ 2A G L and that c x (A) = 1, 

Ki.^'^ ((Vl^'*)': (^a+l)') /° r A G L° such that 2A G L and that c x (A) = 
-1. 

(v) M 1 = V^ x ' for an irreducible L/K-module T x and (M 2 , M 3 ) is one of the following 
pairs: 

(V x+L} ((if^)', (V x+L )') for A G L such that 2A £ L° ; 

(^a+l> ^ A) ' T ) ; ((V^'*)', (Vx+l)') /° r XeL ° such that 2A G L and that c x (X) = 1, 

( v \+l> v l* },± )> ((^ A) ' =F )' ) (^a+l)') /° r A G L° such that 2A G L and inai c x (A) = 
-1. 

Now Theorem 15. II follows from Propositions 15 . 71 and 15. 1 71 
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5.4 Fusion product for V£ 

Let V be a vertex operator algebra and {Wi} i( zj the set of all the equivalence classes of 
irreducible ^-modules. For any representatives M % of Wi (i G I), we write Nf- for the 

fusion rule of type M j) for i,j, k G 7. The fusion rules iV|j- are independent of a choice 
of representatives. Here and further we assume that 7 is a finite set and that all the fusion 
rules are finite. 

Set 72(V) = ©jg/CWj a vector space over C with basis {Wi}j 6 j. Then the product 
of 72. (V) is defined by 

k 

for any i,j G 7. By Proposition 12.71 the product is commutative. The commutative 
algebra 72 (V) is called the fusion algebra of V. 

Denote by W[ the equivalence class of the contragredient module of a representative of 
Wi. Then for any % G 7 there exists uniquely %' G 7 such that W[ = Wy. By Proposition 
12 .7\ we have = Nf k , for any i,j, k G 7. 

We now describe the fusion products for V£ ■ For simplicity, we introduce notations 
of equivalence classes of irreducible V^-modules. For A G L°, we set [A] be the equivalent 
class of irreducible V^-modules isomorphic to V\+l- When 2 A G L, we denote by [A] ± 
the equivalent class of irreducible V^-modules isomorphic to V^ +L . By abuse of notations 
we set [A] = [A]+ + [A] - for A G L° with 2 A G L. We then have that [A] = [-A] and 
[A + a] = [A] for any A G L° and a G L. This implies that [A + fi] = [A — fj] for A, /i G L° 
if 2A G L or 2/x G L. For a central character x of L/K with = —1, we write [x] ± for 
the equivalence classes of irreducible V^-modules V^ x,± , respectively. 

We set S = {A G L°|2A G L} and Si = {A G L°|2A £ L}. By Theorem PI we have 
the following fusion products: 



[A] x M = 


[A + /i] + [A — /i] for A,/iG Si 


(5.28) 


[A] 




[A + /i] 


for \ e So, fi e Si, 


(5.29) 


[A] + 


X [ / i] ± = 


[A + /i] ± 


for A, /x G So such that 7t A)2ai = 1, 


(5.30) 


[A] + 


x = 


[A + ^] T 


for A, /i G S such that 7Ta,2^ = _ 1> 


(5.31) 


[A]~ 


x [//]- = 


[A + A*] + 


for A, /i G S such that 7r Ai2At = 1, 


(5.32) 


[A]- 


x = 


[A + /i]" 


for A, /i G So such that 7^,2^ = — 1, 


(5.33) 


[A] 


x M ± = 


[x (A) ]+ 4 


-[X (A) ]" for A G Si, 


(5.34) 


[A] + 


x M ± = 




for A G S such that c x (A) = 1, 


(5.35) 


[A] + 


x M ± = 


[x (A) ] T 


for A G S such that c x (A) = —1, 


(5.36) 


[A]- 


x M~ = 


[x (A) ]+ 


for A G S such that c x (A) = 1, 


(5.37) 


[A]" 


x [x]~ = 


[* (A) r 


for A G So such that c x (A) = —1. 


(5.38) 



The other products are derived from these products with the symmetries of fusion rules 
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in Proposition 12.71 For example, the product of an d [X2] 4 " is given by 

m + x [ X2 ] + = ;qa] + &] + + $>]-, 

where A runs through Si such that Xi = x'2^ A* runs through S such that Xi — X2 

and that c xi (//)(— l) 2 ^'^ = 1, and v runs through S such that = x'2 an d that 
c Xl ( Ai )(-l)W) = _i. 

Theorem 5.18. The fusion algebra TZ(V^) is a commutative associative algebra. 

Proof. For any equivalence classes W\, W2 and W3 of irreducible V^-modules, we have to 
prove that Wi x (W 2 x W 3 ) = (W 1 x W 2 ) X W 3 . We can do this case by case. For example 
we shall prove 

[A]+ x (M+ x [„]") = ([A]+ x x [1/]- (5.39) 
for \,fi,v<E So such that vta,2^ = 1 and tt^k = — 1 and 

[A] + x ([/,]+ x bd") = ([A]+ x H+) x (5.40) 

for A,/i G S and a central character xoi LjK with x(/t) = —1 such that vr A2 /i = 1 and 
c x(aO = — 1- We first show f)5.39j) . By using ()5.30|) and ()5.31|) . we have 



Since 



iri+xlv]- = iv + v]+, [A]+x[ M ] + = [A + M ]- 



„ (\,2u,+2v)Tvi, ,c (2a+2v,\) „ _ ^ 



we see that 



[A]+ x (M+ x [„]-) = [A] + x\pi + u] + = [X + fi + u\\ 
([A]+ x M+) x [„]- = [A + x M- = [A + p + 

if ^\.2v = ±1 respectively. Thus ()5.39|) holds. 
Next we show ([5.40)1 . Equation ()5.36|) imply 

W x \xY = [x M } + - 

Then we see that 

[A]+ x ([/,] + x [x]-) = [A] + x [ X W]- = 
if c x (A) = ±1 respectively. On the other hand, 

([A] + x H+) x {x}- = [A + x[ x }- = ix^V 

if c x (A + /i) = -c x (A) = ±1 respectively. Since (x (m) ) (A) (a) = X (m) Oa(») = x{^x(o)) = 

x(o- A+M (a)) = x (A+At) («) for any a G Z(L/K), we have (x M ) (A) = x (A+/l) . Therefore, (jCTjl 
holds. □ 
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5.5 Application 

In this section we apply the results on fusion rules for V^-modules to study orbifold vertex 
operator algebras constructed from Vl and automorphism 9 when L is unimodular. 

Let L be a positive-definite even unimodular lattice. That is, L = L°. Then Vl is 
a holomorphic vertex operator algebra in the sense that Vl is rational and Vl is the 
only irreducible V^-module up to isomorphism (see |Dlj and |DLM2j ). Moreover, Vl 
has a unique irreducible ^-twisted module V"l up to isomorphism where T is the unique 
simple module for L/K such that kK acts as —1 (see |FLMj and |D2j ). Recall that 
Vl = Af (1)(0) ® T and d is the rank of L. The weight gradation of Vl is given by 

(see |DL2j ). Since L is unimodular, d is divisible by 8. Hence the L(0)-weights of either 
Vl' + or Vl'~ are integers (half integers for the other). We denote by Vl' e (resp, Vl°) 
the irreducible V^-submodules of Vl with integral (half integral) L(0)-weights. It is clear 
that Vl' e = V^ + if d/8 is even and Vl' e = V^~ if d/8 is odd. By Theorems 13.41 (also see 
|ADp and 15. 11 we have: 

Proposition 5.19. Let L be a positive- definite even unimodular lattice. 

(i) The vertex operator algebra Vl has exactly 4 irreducible modules V^Vl'^ up to iso- 
morphism. 

(ii) The fusion rules among modules are 

V+ x W = W x V+ = W, V£ x V£ = V+, 

Vl x Vl e = Vl* x V L ~ = Vl'°, V L ~ x V?" = V? x V L ~ = V?*, 

Vl e x Vl e = Vl>° x Vl° = Vj+ Vl e x ^° = Vl° x Vf' e = VT, 

where W is any irreducible Vl -module. 

Remark 5.20. If L is the Leech lattice, the irreducible modules for Vl has been classified 
previously in |D3j by using the representation theory for the Virasoro algebra of central 
charge 1/2. 

The main result in this subsection is the following: 

Proposition 5.21. Let L be a positive-definite even unimodular lattice. Assume that Vl 
is rational and V = Vl + Vl' e is a vertex operator algebra. Then V is a holomorphic 
vertex operator algebra and C2-cofinite. 

Proof. It is known that Vl is C2-cofinite (see jYaj and jABDj ). Since V is C2-cofinite as 
a V^~-module by |Buj . it is also C2-cofinite as a vertex operator algebra. 

We assume that V = Vl + Vl~. The case that V = Vl + Vl' + can be proved 
similarly. We first prove that V is the only irreducible V^-module up to isomorphism. Let 
W be an irreducible V^-module. Then W is a completely reducible V^-module. Let M 
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be an irreducible V^-submodule of W. If M = or V L ~ using the fusion rule given 
in Proposition 15.191 shows that V£ is always contained in W as a V^-submodule. So W 
contains a vacuum like vector and thus isomorphic to V (see |L"]). 

If M = Vj;, then v£'~ x = V*' + is a V^-submodule of W. Note that V^'~ has 
integral weight and V^ ,+ has strictly half integral weights. So W has both integral weights 
from and half integral weights from ' . But this is impossible as W is irreducible. 
Similarly, M cannot be V^ ,+ . 

We now prove that V is rational. That is, any admissible ^-module is completely re- 
ducible. Let W be an admissible U-module and M be the maximal semisimple admissible 
submodule. Then V = M@X for a I-^ -sub-module of W as V£ is rational. If X ^ then 
W/M is a V^-module. So as V^-module W/M = X contains a V^-submodule isomorphic 
to V£ • This shows that X contains a vacuum-like vector x and the V-submodule Z of 
W generated by u is isomorphic to V. Clearly, M (1 Z = and M © Z is a semisimple 
admissible \^-submodule of and strictly contains M. This contradiction shows that 
W = M. □ 

Again, if L is the Leech lattice, this result has been given in |D31 before. 
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